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Abstract—In this paper, we study the effect of the choice of
frame structure on the performance of a massive MIMO system
under channel aging. For this purpose, we compare the rates
achievable using two popular frame structures, viz. training
via lumped pilots, and training via interspersed pilots. We use
Kalman filter based channel estimation to track the channel
evolution. We first show that in an aging channel, the mean
squared channel estimation error at a given instant is a function
of the training instant and hence the user index. We then derive
the deterministic equivalents of the per user achievable SINR,
and use these to show that the achievable rate for any user at a
given instant is a function of the training instant for the given
user. Following this, we use the derived results to comment on the
relative fairness of the two frame structures in question. Finally,
we present numerical results to illustrate the effect of the choice
of a frame structure on the fairness of a massive MIMO system
under channel aging.

Index Terms—Massive MIMO, Channel Estimation, Channel
Aging, performance analysis

I. INTRODUCTION

Multiple input multiple output (MIMO) Mobile communi-
cation systems with an asymptotically large number of base
station (BS) antennas and serving a large number of users,
popularly known as massive MIMO systems, are envisioned to
be a key enabling technology for next generation wireless com-
munication systems [1], [2]. It has been shown that massive
MIMO systems exploit channel hardening effects achieved
due to large system dimensions [3] to allow for increased
spectral and energy efficiencies [4], [5], as well as simplified
precoder and receiver structures [6]. However, these potential
advantages of massive MIMO systems are conditioned on the
availability of accurate channel state information (CSI) at the
BS. This condition may not be met at the BS due to vari-
ous reasons, including but not limited to channel estimation
errors [7], pilot contamination [8] and channel aging [9].

Channel aging refers to the continuous evolution of the
communication channel between the BS and the users, and
is mainly caused due to user mobility [9]. This results in a
mismatch between the acquired CSI and the actual channel at
the time of data transmission [10]. This effect worsens as the
delay between CSI acquisition and data transmission instants
increases. This further results in a deteriorated performance
of the communication system. Since the minimum training

duration for CSI acquisition is directly proportional to the
number of users being served, the effect of channel aging
worsens with an increase in the number users. The adverse
effects of channel aging have recently been investigated in
the literature [9]–[13]. The most common metric to quantify
the resulting performance loss in the system under study is
the achievable rate derived using deterministic equivalent (DE)
analysis. It has been confirmed that while channel aging does
not affect the benefits of massive MIMO such as power
scaling [11], it significantly degrades the user performance,
and its effect is accentuated by an increase in user mobility.

Most of the present works studying channel aging in mas-
sive MIMO systems ignore the effect of channel aging while
training, and assume the channel to remain constant during
the training duration. This results in unrealistic expressions
for the channel estimation errors, further leading to inaccurate
expressions for the achievable data rates. The issue of channel
aging during CSI acquisition has been discussed in [13]–
[15]. A Kalman filter based channel estimation technique
to exploit the temporal correlation structure of the channel
to improve the quality of channel estimates has also been
discussed in [15]. However, to the best of our knowledge, the
suitability or otherwise of presently used channel estimation
techniques under channel aging has not been studied consid-
ering the effects of channel aging. Therefore, in this paper, we
compare the performance achievable in the uplink of massive
MIMO systems under channel aging for two popular frame
structures, viz. training using lumped pilots and training using
interspersed pilots. For this purpose, we first derive the bounds
on the mean squared channel estimation errors for the two
frame structures. We then use these bounds to calculate the
DEs for the per user SINRs for the two frame structures for
MRC receivers. These DEs of per user SINRs to are further
used to compute the maximum and minimum achievable per
user rates for the two frame structures and comment on their
relative fairness.

The main contributions of this work can be listed as follows:
1) We derive bounds on the mean squared channel esti-

mation error accounting for the effect of channel aging
during the training interval. We observe that in the
presence of channel aging, the mean squared estimation
error for the channel at a given time instant is a function
of the lag between the time of CSI acquisition and the978-1-5386-3821-7/18/$31.00 c© 2018 IEEE



Figure 1. The system model.

time instant of interest. (See Section III.)
2) We use DE analysis along with the derived bounds on

the channel estimation errors to characterize the per user
achievable rates in the uplink for the MRC receiver for
both lumped pilot and interspersed pilot based frame
structures. We observe that the use of interspersed pilots
allows for a greater degree of fairness among the per
user achievable rates in comparison to the use of lumped
pilots. (See Section IV.)

3) Via detailed numerical examples, we compare the per-
formance of the two frame structures under different
channel aging conditions.(See Section V.)

The key finding of this work is that the per user performance
of a massive MIMO system under channel aging depends on
the frame structure, and the use of interspersed pilots for
training leads to a fairer distribution of data rates among
the users. We next discuss the channel and system model
considered in this paper.

II. SYSTEM MODEL

Our system model, as shown in Fig. 1 considers a single
cell system with an N antenna base station serving K(< N)
single antenna users indexed by k ∈ {1, . . . ,K}. We study the
uplink performance of FDD massive MIMO systems employ-
ing forward link training. We assume that the BS acquires CSI
either using lumped training, or interspersed training. In case
of lumped training, the users transmit orthogonal pilot symbols
during the first K slots of frame consisting of a total of T slots.
Following this, all the users simultaneously transmit their data
to the base station. In case of interspersed training, the users
transmit orthogonal pilots during K predesignated slots within
the frame, and simultaneously transmit data during the other
T − K slots. The data is detected at the base station using
the CSI acquired during the pilot transmission phase. For both
lumped training and interspersed training, we assume that each
user transmits only one training symbol during each frame.

The uplink channel between the ith BS antenna and the kth
user at the nth instant is modeled as

√
βkhik[n], with βk being

the mean squared channel power, or the path loss component,
and hik[n] the fast fading component modeled as a zero mean
circularly symmetric complex Gaussian (ZMCSCG) random
variable (rv) having unit variance, and denoted by CN (0, 1).
We assume βk to be the same across all base station antennas.

Defining β = [β1, . . . , βK ]T , we can write the uplink
channel matrix at the nth instant as H[n]diag(

√
β), with

H[n] ∈ CN×K , each entry of H[n] being CN (0, 1), and
diag(β) representing a K × K diagonal matrix such that
(diag(β))kk = βk.

The temporal variations in the propagation environment,
caused due to user mobility, result in the channel coefficients
evolving with time. The channel evolution can be modeled
as a function of its initial state and an innovation component,
such that the channel between the ith base station antenna and
the kth user at the nth instant is [2], [9]

hik[n] = ρ[n]hik[0] + ρ̄[n]zik[n]

(1)

where zik[n] ∼ CN (0, 1) is the innovation component, 0 ≤
ρ[n] ≤ 1 is the correlation between the channel instances at
lags 0 and n, and ρ̄[n] =

√
1− |ρ[n]|2. Here it is important

to note that the channel innovation processes, zik[n] need not
be white.

It is conventional in the literature on channel aging to
assume that the channel evolves either according to the Jakes’
model [9], [16], or as a first order autoregressive (AR1)
process [14]. If the channel is assumed to evolve according
to the Jakes’ model [16], then ρ[n] = J0(2πfdTsn), where fd
is the Doppler frequency, Ts is the sampling period, and J0(·)
is the Bessel function of the first kind and zeroth order [17,
Eq. (9.1.18)]. Alternatively, if channel is assumed to evolve as
an AR1 model, then, ρ[n] = ρn, with ρ being J0(2πfdTs). For
simplicity, we assume that ρ[n] is identical for all the users.

III. CSI ACQUISITION

In this section we discuss a Kalman filter based CSI acquisi-
tion technique for aging channels, and derive the mean squared
channel estimation errors for the two training schemes. It is to
be noted that the two training schemes differ only in the loca-
tions of the training symbols within the data frame of duration
T . Letting Tm,l, and Tm,i denote the sets of channel indices
being used for training under lumped and interspersed training
for the mth frame, such that, Tm,l = {mT +1, . . . ,mT +K},

and Tm,i =

{
mT +

⌊
1

d T
K e

⌋
, . . . ,mT +

⌊
K

d T
K e

⌋}
. Letting

tm,k denote the training instant for the kth user for an
arbitrarily chosen scheme for the mth frame, we can write
the signal received at the BS antennas at the tm,kth instant as,

y[tm,k] = hk[tm,k]
√
βkEp,k +

√
N0wk[tm,k] (2)

where Ep,k is the pilot power, N0 is the noise variance, and
wk[tm,k] is the additive ZMCSCG noise with unit variance,
denoted as w[tm,k] ∼ CN (0, 1).



Since we assume the channel to be continuously evolving,
the base station can use the received training symbol to update
the available channel estimate, acquired during the previous
training instant, and denoted as ĥk[tm−1,k]. We can show that
the Kalman filter update equations to obtain ĥk[tm,k] from
ĥk[tm−1,k] and ŷ[tm,k] can be expressed as,

ĥk[tm,k] = ρ[T ]ĥk[tm−1,k] + gk[n]αk[tm,k], (3)

where,

α[tm,k] = y[tm,k]− ρ[T ]
√
βkEp,kĥk[tm−1,k] (4)

is the innovation component,

gk[tm,k] =
ψk(tm,k, tm−1,k)

√
βkEp,k

βEp,kψk(tm,k, tm−1,k) +N0
(5)

is the Kalman gain,

ψk[tm+1,k, tm,k] = |ρ[T ]|2ψk[tm,k] + |ρ̄[T ]|2, (6)

is the mean squared estimation error for the channel at the
(tm,k + T )th instant, obtained using the information available
till the tm,kth instant, and

ψk[tm,k] = ψk[tm,k, tm−1,k]−
√
βkEp,k
ρ[T ]

gk[tm,k] (7)

is the mean squared channel estimation error at the tm,kth
instant using updated pilots. These are initialized as ĥk[t0,k] =
0N , ψk[t1,k, t0,k] = 1. It can be shown that ψk[tm,k] is upper
bounded as

ψk[t1,k] ≤ N0

βkEp,k +N0
, (8)

with the upper bound being achieved for m = 1 when in the
absence of a prior estimate at the BS, the Kalman filter based
estimator reduces to the one step MMSE estimator. In the next
section, we use this bound to derive the achievable uplink rates
for a massive MIMO system.

IV. UPLINK RATE ANALYSIS

In this section we use DE analysis to derive the achievable
rates for each user for an MRC receiver. We assume that
during the mth frame, the users transmit during the instants
n ∈ Tm\Tm,l for lumped training and n ∈ Tm\Tm,i for
interspersed training, with the most recent channel estimate
from the current or previous frame being used for data
detection at the BS. Letting the kth user transmit the signal
sk[n] with a symbol energy Es,k at the nth instant, the signal
received at the ith base station antenna can be written as,

yi[n] =

K∑
k=1

√
βkEs,khik[n]sk[n] +

√
N0wi[n], (9)

with wi[n] ∼ CN (0, 1) being the additive noise at the ith base
station antenna. Note that, hik[n] can be expressed in terms
of its most recent estimate ĥik[tm,k] as

hik[n] = bk[n, tm,k]ĥik[tm,k] + b̄k[n, tm,k]h̃ik[n, tm,k], (10)

with bk[n, tm,k] = (1 − ψk[n, tm,k])1/2 and b̄k[n, tm,k] =√
ψk[n, tm,k] hik[n], ĥik[tm,k], hik[n, tm,k] ∼ CN (0, 1) and
E[ĥik[tm,k]h̃∗ik[n, tm,k]] = 0 ∀n. We can therefore write the

vector signal received at the BS as

y[n] =

K∑
k=1

√
βkEs,k(1− ψk[n, tm,k])1/2ĥk[tm,k]sk[n]

+

K∑
k=1

√
βkEs,k

√
ψk[n, tm,k]h̃k[n, tm,k]sk[n] +

√
N0w[n].

(11)

Letting V[n] be the receiver matrix for the nth instant,
the processed signal at the BS can be written as r[n] =
VH [n]y[n]. The kth component of r[n] can now be expanded
as

rk[n] =
√
βkEs,kbk[n, tm,k]vHk [n]ĥk[tm,k]sk[n]

+

K∑
m=1
m6=k

√
βmEs,mvHk [n]hl[n]sm[n]

+ b̄k[n, tm,k]
√
βkEs,kvHk [n]h̃k[n, tm,k]sk[n]

+
√
N0v

H
k [n]w[n]. (12)

The first term in both expansions of rk[n] corresponds to the
desired signal component, and all the other terms correspond
to noise and interference due to the other users and CSI
imperfections. These expressions, along with techniques from
random matrix theory [18] can be used to derive the SINRs
for V[n] corresponding to the MRC receiver. It is important to
note that for interspersed training, the latest estimate of the kth
user channel at the nth instant can either be from the same, or
the previous frame. However, for simplicity, we consider the
latest estimate to be from the same frame.

For an MRC receiver, V[n] = [ĥ1[tm,1], . . . , ĥK [tm,K ]],
therefore, we can write rk[n] as

rk[n] =
√
βkEs,kbk[n, tm,k]ĥHk [tm,k]ĥk[tm,k]sk[n]

+

K∑
l=1
l 6=k

√
βlEs,lĥHk [tm,k]hl[n]sl[n]

+ b̄k[n, tm,k]
√
βkEs,kĥHk [tm,k]h̃k[n, tm,k]sk[n]

+
√
N0ĥ

H
k [tm,k]w[]. (13)

Now, the vectors ĥk[tm,k], h̃k[n, tm,k], hl[n], and w[n] are
independent with i.i.d. CN (0, 1) entries. Therefore, for a large
number of BS antennas, we can use DE analysis theory to
approximate the mean squared values of the different terms
of (13) [9], [18]. Consequently, the SINR can be expressed as

γMRC
k [n] =

βkEs,kb2k[n, tm,k]N

βkEs,k b̄2k[n, tm,k] +
∑K
l=1;l 6=k βlEs,l +N0

. (14)

Now, b2k[n, tm,k] = 1 − ψk[n, tm,k] = |ρ[n − tm,k]|2(1 −
ψk[tm,k]) and b̄k[n, tm,k] = |ρ[n − tm,k]|2ψk[tm,k] + |1 −
ρ[n − tm,k]|2. Also, assuming path loss based uplink power



control, i.e., βkEp,k = Ep, and βkEs,k = Es [4], we can write
the signal and pilot SNRs at the base station respectively as
γp ,

βkEp,k
N0

, and γs ,
βkEs,k
N0

.
Using these, we can express (14) as,

γk[n] =

|ρ[n− tm,k]|2(1− ψk[tm,k])N

|ρ[n− tm,k]|2ψk[tm,k] + |1− ρ[n− tm,k]|2 + (K − 1) + 1
γs

.

(15)

From, (8), we know that ψk[tm,k] ≤ 1
1+γp

, consequently, we
can lower bound the achievable SINR at the kth user as

γk[n] ≥
|ρ[n− tm,k]|2 γp

1+γp
N

|ρ[n− tm,k]|2 γp
1+γp

+ |1− ρ[n− tm,k]|2 + (K − 1) + 1
γs

.

(16)

Consequently, the overall achievable rate for the kth user
during the mth frame can be expressed as

Rk ≥
1

T

∑
n∈Tm\Tm,j

log2

(
1 + (|ρ[n− tm,k]|2γpN)

×
(
|ρ[n− tm,k]|2γp + |1− ρ[n− tm,k]|2(1 + γp)

+ (K − 1)(1 + γp) +
(1 + γp)

γs

)−1)
(17)

for j ∈ {i, l}, i.e. for either training set.
For lumped training, Tm,l = {mT + 1, . . . ,mT + K} and

hence the achievable rate takes the form

RLk ≥
1

T

T∑
n=K+1

log2

(
1 + (|ρ[n− k]|2γpN)

×

(
|ρ[n− k]|2γp + |1− ρ[n− k]|2(1 + γp)

+ (K − 1)(1 + γp) +
(1 + γp)

γs

)−1)
(18)

Since ρ[n] is a decreasing function of the argument, the
achievable rates for different users within the mth frame will
be different. The minimum rate will be achieved for k = 1
and the maximum for k = K. This results in an unfairness in
the achievable rates for different users, despite path loss based
power control in place. Therefore, in the presence of channel
aging, the lumped training based frame structure is unfair to
the users alloted early training slots, with the difference in the
achievable rate for k = 1 and k = K being given as,

∆RL =

K∑
n=1

log2(1 + γ[n])−
T∑

n=T−K+1

log2(1 + γ[n]) (19)

with

γ[n] ≥
|ρ[n]|2γpN

|ρ[n]|2γp + |1− ρ[n]|2(1 + γp) + (K − 1)(1 + γp) +
(1+γp)
γs

.

(20)

Now, for a system employing interspersed pilots, the chan-
nel estimate for the kth user obtained at the base station for the
mth frame, i.e. the channel estimate obtained at time instant
tm,k will be used for data detection for the instants contained
in the set T km = {tm,k + 1, . . . , tm+1,k − 1}. The achievable
rate can therefore be shown to be given as (21).

RIk ≥
1

T

∑
n∈Tm,k\Tm,i

log2

(
1+(|ρ[n−mT − tm,k]|2γpN)×

(
|ρ[n−mT − tm,k]|2γp + |1− ρ[n−mT − tm,k]|2(1 + γp)

+ (K − 1)(1 + γp) +
(1 + γp)

γs

)−1)
(21)

Since the interspersed pilots are periodic in nature, the set
T km can be expressed as

T km := {tm,k + n} ∀n ∈ {1 . . . T − 1}, (22)

we can then write the achievable rate for the kth user as

RIk =
∑

n∈Tm\Tm,i

log2(1 + γ[n]), (23)

with Tm and Tm,i being independent of k.
The achievable rate in this case becomes independent of the

user index, and therefore

∆RI = 0. (24)

Consequently, the use of interspersed pilots for training
results in a more balanced distribution of achievable rates
among the users.

V. NUMERICAL RESULTS

In this section, we use numerical results to demonstrate the
unfairness caused in the uplink of a massive MIMO system
with lumped pilot based training, due to channel aging. We
consider a single cell system containing a 1000 antenna base
station transmitting at a carrier frequency (fc) of 2 GHz. We
assume the signal bandwidth to be 1 MHz, and also assume
that the base station samples at the Nyquist rate of the complex
baseband signal, i.e., at 1 MHz. The channel is assumed to age
according to the Jakes model, i.e. ρ[n] = J0(2πfdTsn), and
the frame duration(T) is fixed at 1000 symbols. We use two
parameters to quantify the unfairness in a system with lumped
pilots, viz. the ratio of the maximum to minimum channel
estimation MSE at the first transmission instant of a frame
with lumped training, Q, defined as,

Q ,
b̄21[K + 1, 1]

b̄2k[K + 1,K]
, (25)
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Figure 2. Relative loss in channel estimation MSE due to channel aging
plotted against the number of users for different user mobilities.
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Figure 3. Relative difference in the maximum and minimum achievable rates
for lumped training plotted against the number of users for different user
mobilities.

and the relative difference between the minimum and the
maximum achievable rate per frame, defined as,

∆ =
∆RL
RL1

. (26)

In Fig. 2 we plot Q as a function of the number of users,
K for different user mobilities. It is observed that for a large
number of users, lumped training can result in an 8 db gap
between the channel estimates for different users, even in the
presence of pilot power control.

We plot the behavior of Q as a function of the number of
users for different user velocities in Fig. 3. An increase in the
number of users is observed to result in a inequality of more
than 25% in the achievable rates for different users. Therefore,
the use of lumped pilots for training in a massive MIMO
system under channel aging leads to an unfair distribution of
the per user achievable rates for different users.

VI. CONCLUSIONS

In this paper we considered the uplink performance of a
massive MIMO system under channel aging for lumped and
interspersed training. We argued that a Kalman filter based

estimator is optimal for tracking the behavior of an aging
channel and derived expressions for the mean squared channel
estimation error. We then used DE analysis along with the
bounds on channel estimation error, to derive expressions
for achievable rates for an MRC receiver using lumped and
interspersed training. It was found that lumped training leads to
an unfair distribution of achievable rates among different users,
favoring the users whose training instants are closer to usage
slots. On the other hand interspersed training results in a fairer
distribution of achievable rates for different users. Interesting
directions for future work include optimal power allocation for
massive MIMO systems under lumped training and the design
of joint uplink/ downlink frames for TDD massive MIMO.
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