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Abstract—Sparse representations of signals in overcomplete
basis have attracted much interest during the past two decades.
One problem in the area of sparse signal representations is to
find an ideal overcomplete basis (dictionary) to represent a given
set of training signals appropriately. The K-SVD algorithm has
achieved this feat with much success but suffers from the problem
of underutilization of certain signal-atoms in the basis. This
paper proposes to counter this problem by using Sparse Bayesian
Learning in the initial stage of the K-SVD algorithm. Sparse
Bayesian Learning offers gradual convergence of the learning
algorithm from a non-sparse representation of the signals to
a sparse representation as the iterations progress, giving the
training vectors a good enough chance to “spread out” over
the dictionary. The proposed algorithm is compared to the
conventional K-SVD algorithm with promising results.

Keywords—sparse signal representations; dictionary learning;
K-SVD algorithm; underutilization; Sparse Bayesian Learning.

I. INTRODUCTION

In recent years there has been growing interest in exploiting
sparsity in signal processing. A sparse signal is one that has
few non-zero entries relative to its dimension. A large number
of real world signals are either sparse in their original form or
can be represented as a sparse signal in a transform domain.
Sparse signal representations from overcomplete dictionar-
ies have found use in a large number of applications like
image compression and restoration, source separation, echo
cancellation, channel equalization, and so on. An overcomplete
dictionary for n-dimensional vectors is defined as a matrix
D ∈ ℜn×K that spans the entire n-dimensional space and
contains more columns than it contains rows, i.e. K > n.
This further implies that the system of equations given by

Dx = y, x ∈ ℜK and y ∈ ℜn (1)

will have infinitely many solutions. Hence, in order to select
one particular solution, some constraints will be required. One
such constraint commonly used is the sparsity constraint that
minimizes ℓ0 norm of x. Under this constraint the problem
takes the form

min
x

∥x∥0 subject to Dx = y (2)

Here ∥x∥0 denotes the ℓ0 norm of x measured as the number
of non-zero entries in the vector x. Therefore, essentially
the task is to find a maximally sparse representation x for
the observed signal y with respect to a given dictionary
D. In other words, the signal y is described as a sparse

linear combination of the columns of D. The columns of the
dictionary matrix D, hence, are the prototype signal-atoms
used for signal representation.

Although the problem of finding the sparsest x may super-
ficially seem to be simple, actually it is an NP hard problem.
Accordingly, a good number of methods have been developed
for solving sparse approximation problems. According to
Tropp [1], these methods may broadly be grouped into five
different categories. The first group includes greedy algorithms
such as the matching pursuit [2], orthogonal matching pur-
suit [3] and stage-wise orthogonal matching pursuit [4]. The
second category of approaches is based on convex optimization
like the basis pursuit [5] and FOcal Underdetermined System
Solver (FOCUSS) [6]. Methods based on some statistical
parameters such as the MAP [7] or MMSE [8] form the third
group of methods. Apart from these there are methods based
on non-convex optimization and brute force which are not that
popular.

Another issue that provokes interest on this topic is to
find an overcomplete basis or dictionary D that is good for
representing a given set of vectors as sparsely as possible.
Two approaches exist as an answer to this issue. The first is
to use some standard overcomplete basis, such as the Haar
basis or the DCT basis, to represent these signals. The second
approach is to obtain an overcomplete basis from a given
set of vectors through training. While choosing a prespecified
standard basis is appealing due to its simplicity, the training
based approach intuitively appears to be a better option as it
generates dictionary that is well adapted to the class of signals
in the training set.

The basic objective of training is to give a sparse represen-
tation of the training set while minimizing the total error. Of
course the question remains, what training strategy be adopted
in learning the dictionary. In search for an answer to this
question, researchers have come up with diverse techniques
for dictionary learning during the past few years. Some such
methods include the maximum likelihood method, the method
of optimal direction and the K-SVD algorithm. Among these,
the K-SVD algorithm [9] has been the most popularly used
technique for dictionary learning. It provides a good trade-off
between sparsity and convergence. However, it suffers from a
drawback pertaining to underutilization of certain elements in
the dictionary.



In order to overcome the underutilization problem in K-
SVD, in this paper, we propose to use Sparse Bayesian
Learning [7] in the initial stage of the K-SVD algorithm.
This we describe in Section III following a discussion on
the original K-SVD algorithm in Section II. In Section IV,
we compare the performance of our proposed algorithm with
that of the original K-SVD algorithm. Finally, we give our
concluding remarks in Section V.

II. DICTIONARY LEARNING AND K-SVD

The purpose of any dictionary learning algorithm is to seek
for the overcomplete basis or dictionary that leads to the best
representation for each member in a given set of training
signals. One popularly used technique for dictionary learning
is the K-SVD algorithm given by Aharon et al in [9]. It is an
iterative method that alternates between two processes – sparse
coding of the training signals based on the current dictionary
and updating the dictionary to better fit the training data. A
detailed description of the algorithm is given below.

A. The K-SVD algorithm

Given a set of N training signals yi, i = 1, 2, · · · , N , it is
assumed that there exists a dictionary D that gave rise to the
given training signals via sparse combinations, i.e. solving (2)
for each training signal yi we obtain a sparse representation
xi. Let, Y be the n×N training signal matrix whose columns
are the given training signals yi and X be the K ×N sparse
matrix built from the corresponding sparse representations xi.
The problem at hand is that of searching the best possible
dictionary D for the sparse representation X of the given
training set Y, given as

min
D,X

∥Y −DX∥2F subject to ∀i, ∥xi∥0 ≤ T0 (3)

where ∥.∥F denotes the Frobenius norm of a matrix, and T0

is the maximum number of non-zero entries in the sparse
representation — smaller the value of T0 more sparse is the
representation.

The expression in (3) is iteratively minimized in the K-
SVD algorithm. To start with, an initial dictionary D0 with
randomly generated normalized columns is taken. Next, the
best sparse matrix X is determined while keeping the dic-
tionary fixed. That is to find the sparse representation xi for
every training signal yi with respect to the current dictionary
D. The problem in (3), hence, may now be stated in the form
of N distinct problems as below.

min
xi

∥yi −Dxi∥22 subject to ∥xi∥0 ≤ T0

for i = 1, 2, · · · , N (4)

The above may be adequately solved using any of the sparse
recovery algorithms available in the literature [1]–[8]. This is
the sparse coding stage. It may be noted that the maximum
number of non-zero elements in the sparse representation is
bounded and hence the choice of the sparse recovery algorithm
must be such that the maximum number of non-zero elements

in the solution is limited. It has been observed in [9] that the
FOCUSS algorithm [6] is the most suitable to get the best
out of each iteration. However, from a run-time point of view,
OMP method [3] was found to be far more efficient since here
the maximum number of iterations can be fixed.

Following the sparse coding stage, search for a better
dictionary is performed. In this stage of the algorithm, the
columns of the dictionary D are updated one at a time, while
fixing all the other columns. If the kth column dk in D is in
question, the objective function in (3) can be rewritten as

∥Y −DX∥2F =

∥∥∥∥∥∥
Y −

∑
j ̸=k

djx
j
T

− dkx
k
T

∥∥∥∥∥∥
2

F

=
∥∥Ek − dkx

k
T

∥∥2
F

(5)

where xj
T denotes the jth row in X. The aim of the algorithm,

therefore, is to seek for a new dk and a new xk
T such that the

objective function given in (5) is minimized. However, since
the sparsity constraint is not enforced in this stage, the new
xk
T is likely to be filled with non-zero entries. Eventually, this

will result in an X that is not sparse any more.

A remedy to the above is to force the support of xk
T to

remain same or get smaller. First, the set of indexes pointing
to the signals {yi} that use the signal-atom dk is defined as

ωk = {i | 1 ≤ i ≤ N, xk
T (i) ̸= 0} (6)

where xk
T (i) denotes the ith entry in xk

T .The objective of the
problem in (5) is accordingly changed to

min
dk,xk

R

∥∥ER
k − dkx

k
R

∥∥2
F

(7)

where ER
k is obtained from Ek by choosing only the columns

corresponding to ωk, and xk
R is obtained by shrinking xk

T

after discarding all zero entries. Solution to (7) is obtained
by decomposing ER

k using SVD as

ER
k = U∆VT (8)

The kth column of the dictionary is now updated as the first
column of U, and xk

R is updated as the first column of V
multiplied by ∆(1, 1). The process is repeated for all the K
columns of the dictionary (hence the name K-SVD).

After the dictionary updating process is over, the sparse
coding stage is repeated. This is again followed by updating
the dictionary. These two steps are carried out iteratively until
the algorithm converges or a predefined stopping criterion is
met, finally yielding sparse representation of the training data
and a suitable dictionary.

B. The problem with K-SVD

One major problem encountered in the K-SVD algorithm
is the underutilization problem. This problem arise in case
of improper choice of the initial dictionary D0 due to which



some of the columns of the dictionary may not be updated
appropriately or, in the worst case, may not be updated at all.

It is assumed that there exists a globally optimum dictionary
D∗ that gave rise to the given training signals via sparse
combinations. The basic principle behind K-SVD algorithm
is that the initial seeds (randomly chosen columns of the
dictionary) get more and more refined in successive iterations.
Therefore, more the number of times a dictionary column
goes through the updating process, better is the chance for
that particular column to get closer to that in the optimum
dictionary D∗. Suppose the lth column dl in the initial
dictionary is not being used enough relative to the number
of dictionary elements and to the number of training samples.
Then, in the first iteration of the K-SVD process, |ωl| will
be very small. Since the algorithm will force the support
of xl

T to remain same or get smaller, it may happen that
after few rounds of iteration |ωl| becomes zero and dl ceases
to update any further. In the worst case, |ωl| may be zero
in the very first iteration. That means, dl does not at all
participate in the sparse representation of any of the training
signals. Unfortunately, although such a dictionary element is
not desired, the K-SVD algorithm does not have any provision
to either update or remove it from the learned dictionary. As
a result, the algorithm gets trapped into a local minimum and
the desired optimum dictionary D∗ is never obtained.

III. THE SOLUTION TO UNDERUTILIZATION

A procedure to circumvent the underutilization problem has
been suggested by Aharon et al in [9]. According to their
suggestion, an underutilized dictionary element dl may be
replaced with the least represented signal element. But, such
a process requires manual inspection which does not sound to
be a good solution to the underutilization problem.

Another solution to the underutilization problem may be to
sacrifice the sparsity constraint during the sparse coding stage,
as given in (4). This will allow more number of dictionary
elements being used in representing each training signal.
However, the basic philosophy behind sparse representation
of signals is lost in this procedure. In view of this, one might
be tempted to start with a high value of the threshold T0 and
slowly reduce it in successive iterations. Nevertheless, that
does not quite solve the problem. K-SVD algorithm relies
on the representation error to adapt itself and once an exact
representation is achieved the algorithm ceases to adapt. Since
any n-dimensional vector yi can always be represented as a
sum of n linearly independent dictionary columns, it is always
possible to obtain an exact representation for every training
signal yi when T0 ≥ n. Consequently, the dictionary will not
be updated at all for T0 ≥ n. On the other hand, the dictionary
will be updated for T0 < n but the underutilized columns will
still continue to remain underutilized.

Some algorithms for solving sparse approximation prob-
lems, such as the FOCUSS [6] and the IRLS (Iterative
Reweighted Least Squares) [10], move iteratively from non-
sparse solutions to sparse but they do not fit here as they yet

again represent the signal exactly and hence will not cause any
adaptation in the dictionary. This has motivated us to look for
an alternative sparse representation algorithm that moves from
non-sparse solutions to sparse solutions but at the same time
does not necessarily give an exact solution. Fortunately, Sparse
Bayesian Learning [7] for sparse recovery has an answer to
this question.

Sparse Bayesian Learning (SBL) is one of the MAP based
algorithms for sparse basis recovery given by Wipf and Rao
in [7]. The key feature of this algorithm is the incorporation
of a parameterized prior on the entries in the vector x that
encourages sparsity in representation. The algorithm assumes
a Gaussian likelihood model of the form

p
(
y | x;σ2

)
=

(
2πσ2

)−n
2 exp

(
− 1

2σ2
∥ y −Dx ∥2

)
(9)

where σ2 is the aprior estimated representation error (noise)
variance. Obtaining maximum likelihood estimate for x under
these conditions is equivalent to finding the minimum ℓ2-
norm solution to (1) that is well known to produce non-sparse
representations. To alleviate this problem, some form of prior
on the entries in the vector x that encourages sparsity is
incorporated. The parametric form of these priors is given as

p (x;γ) =
K∏
i=1

(2πγi)
− 1

2 exp

(
− x2

i

2γi

)
(10)

where γ = [γ1, γ2, · · · , γK ]T is a vector of K hyper-
parameters controlling the prior variance of each entry in the
vector x.

Given a vector y, an overcomplete dictionary D, and aprior
estimated noise variance σ2, the task is to find a sparse vector
x such that (1) is satisfied. In the first step of iteration, the
vector γ is initialized. The SBL algorithm then proceeds in an
iterative manner in which the following steps are performed
one after the other.

First, the covariance matrix of x is calculated as

Σx =
[
σ−2DTD+ Γ−1

]−1
(11)

where Γ is the K×K diagonal matrix formed with the priors
γ1, γ2, · · · , γk as its diagonal elements. Using this, the vector
x is estimated as

x =
(
σ−2

)
ΣxD

Ty; (12)

Next, the noise variance and the priors are updated as

σ2
updated =

1

n

[
∥y −Dx∥22

+σ2
K∑
i=1

Σx(i, i)
(
1− γ−1

i

) ]

γi,updated = Σx(i, i) + x2
i (13)



where Σx(i, i) denotes the ith diagonal element in the co-
variance matrix of x. The above steps are carried out for a
predefined number of iterations. Thus, this algorithm works
iteratively towards an optimal solution to (2) and has been
shown to converge both theoretically as well as in practical
cases. Two features of this algorithm that make it suitable for
alleviating the problem of underutilization in K-SVD are

• Upon convergence, we find that many of the γi’s are
driven to zero resulting in p(xi) = δ(xi). This effectively
forces the associated ith element xi in vector x to become
zero. Thus, while in the initial estimate almost all the
columns are included in the solution, the result becomes
sparser as the number of iterations increases.

• The noise level is also updated in each iteration and
so if the aprior noise level is incorrect then as the
iterations progress it may correct itself. Accordingly, in
such cases, if an incorrectly high noise variance is fed
to the algorithm the representation error will be initially
high but will tend to reduce as the number of iterations
increases thereby finally achieving an exact representation
of the signals.

Hence, with an appropriate predefined number of iterations
and with proper control of the aprior noise level, the SBL
algorithm starts from a non-sparse non-exact representation of
the signal and gradually converges to an exact sparse represen-
tation as the iterations progress, giving the training vectors a
good enough chance to “spread out” over the dictionary. This
SBL-based dictionary learning, however, fails to satisfy the
sparsity constraint of T0 for which we again turn to the OMP-
based approach, as used in the original K-SVD algorithm.
So, this proposed modification may be considered as a pre-
processing applied to the dictionary before it is subjected to
the conventional K-SVD algorithm.

The steps of our proposed dictionary learning algorithm may
be summarized as follows.

• Given: A set of training vectors Y, a prior noise level
σ2, a vector γ of K hyper-parameters, the number of
iterations Jmax for SBL-based preprocessing and the
threshold T0.

• Task: To find D and X such that (4) is satisfied.

• Initialize: Generate the initial dictionary D = D0 with
normalized columns; set the iteration counter J = 1.

• If J ≤ Jmax use Sparse Bayesian Learning for basis
selection.

• Else, perform sparse recovery of the signal using OMP al-
gorithm with the maximum number of non-zero elements
set to T0.

• Run the dictionary update as done in normal K-SVD.

• Repeat the above steps until a stopping criterion is met.

IV. EXPERIMENTAL RESULTS

In our experiments, we used a large set of real training
signals consisting of 3844 signal vectors extracted from the
“Lena” image of size 256 × 256. The training signals are
generated by taking 8× 8 overlapping blocks from the image
and rearranging them to form 64-dimensional vectors. The dic-
tionary size was chosen to be 64×256 and the number of SBL-
based iterations (Jmax) during the dictionary learning process
was set to 20 since it has been seen that Sparse Bayesian
Learning for basis selection generally starts converging around
these many iterations.

In our first set of experiments, we compared the frequency
of utilization of the dictionary columns using the original
and our proposed modified K-SVD algorithms. Frequency
of utilization is calculated as the average number of times
each dictionary column is utilized in representing the training
signals, averaged over all iterations. It was observed that for
T0 ≤ 0.6n, both the methods gave almost identical results
while for higher values of T0, i.e. 0.6n < T0 ≤ n, there was a
significant change in the utilization trends — all the dictionary
columns were seen to be utilized for a good number of times
in our proposed method while many of them were seen to be
underutilized when the dictionary was not preprocessed using
SBL. Fig. 1 below shows the utilization for T0 = 0.8n in case
of the original K-SVD algorithm (shown by dotted blue lines)
and that in case of our proposed algorithm which includes
SBL-based preprocessing of the dictionary (shown by solid
red lines).

In a second set of experiments, we tested how good is
the dictionary when SBL-based preprocessing is involved
in the design process (our proposed method) compared to
the dictionary designed without any preprocessing. For this,
1024 non-overlapping 8 × 8 blocks (64-dimensional vectors)
were extracted from the same “Lena” image and were sub-
sequently represented as the sparse linear combinations of
the dictionary columns. The approximate image was then
reconstructed from these sparse representations and the PSNR
value was calculated. Fig. 2 gives plot of the PSNR values
obtained using dictionaries designed for different values of

Fig. 1. Dictionary column utilization in the original and our proposed
modified K-SVD algorithms for sparsity constraint T0 = 0.8n.



Fig. 2. Comparison of the resultant PSNR for different values of sparisity
constraint with preprocessed (our proposed method) and non-preprocessed
(original K-SVD) dictionaries.

the number of active elements T0 in either case – results with
our proposed method are shown by the solid line and that
with the conventional K-SVD are shown by the dotted line.
It was observed that the images reconstructed using our de-
signed dictionaries were superior than those using dictionaries
designed via conventional K-SVD algorithm. This implies that
our designed dictionaries represent the test signals better than
that obtained using the conventional K-SVD algorithm.

V. CONCLUSION

In this paper, we propose a modified K-SVD algorithm for
designing overcomplete dictionary for sparse representation of
signals. While the original K-SVD is the most popular method
and has been proved to be very efficient in most situations,
it is plagued by the underutilization problem under certain
circumstances. In view of this, we propose a modification to
the original K-SVD algorithm. K-SVD algorithm iteratively
learns the dictionary through two stages of operation – the
sparse coding stage and the dictionary updating stage. In orig-
inal K-SVD algorithm, orthogonal matching pursuit method

is recommended for sparse coding. In our proposed modified
K-SVD, Sparse Bayesian Learning is recommended for first
few iterations of sparse coding before using orthogonal match-
ing pursuit as in the conventional K-SVD algorithm. Sparse
Bayesian Learning starts with a non-sparse representation of
the signals and gradually converges to a sparse representation
as the iterations progress thereby alleviating the problem
of underutilization. Experimental results in support of our
proposed method prove the effectiveness of our algorithm in
terms of utilization as well as signal representation.
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