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Abstract—In this paper, the problem of cooperative spec-
trum sensing of cyclostationary signals for cognitive radios is
considered. It has been shown that the MMSE optimal filters
for cyclostationary signals involve one or more frequency shift
branches and are called FRESH (FREquency SHift) filters.
Adaptive FRESH filters have been used in the past to enhance
cyclostationary signals so as to ease their detection in AWGN
channels. It has been observed that space time FRESH filtering
leads to gains of up to 10 dB over a standard energy detector
in a single user case. In this paper, it is proposed to extend this
approach to a cooperative setting under fading channels resulting
in gains of up to 3 dB over the standard energy detectors.
Following this, the problem of joint adaptation of weights at
different sensors is considered. It is seen via simulation that joint
adaptation leads to additional gains of nearly 2 dB for a flat
fading channel and 1 dB for a dispersive channel, in comparison
to local adaptation schemes.

Index Terms—Spectrum Sensing, Cognitive Radio, Cyclosta-
tionarity, FRESH filtering, Joint Adaptation

I. INTRODUCTION

With the growth of information and communication tech-
nologies, the demand for communication spectrum, which is
a fixed resource, has increased. At the same time, it has
been observed that the communication spectrum is largely
underutilized [1]. As a solution to these dual problems of spec-
trum shortage and underutilization the opportunistic spectrum
access (OSA) model allows secondary or unlicensed users to
opportunistically access the unused licenced spectrum bands
[2]. It is desired that the primary or licenced user within that
band should remain oblivious to the presence of a secondary
user. That means, secondary users’ transmissions should cause
minimal interference to the primary user. At the same time
it is required that the secondary user successfully detects a
spectrum hole in the band of interest so as to maximize its
throughput. Therefore, it is essential that the spectrum sensor
present at the secondary user should be more sensitive towards
the primary user’s signal than the primary receiver [3].

The simplest and the most popular approach for spectrum
sensing is a radiometer or an energy detector. This approach,

though optimal for unknown signals, suffers from the phe-
nomenon of SNR walls in the absence of knowledge about the
ambient noise variance [4]. This has motivated active research
in developing alternative methods for spectrum sensing. It is
observed that, in general, the primary signal possesses certain
correlation features which distinguish them from the ambient
noise [5]–[7]. These features may be used to detect as well as
to enhance the primary signal to ease its detection.

Cyclostationarity or spectral coherence is one such fea-
ture that distinguishes modulated signals from the stationary
noise. Signals exhibiting cyclostationarity are known to be
correlated with their time and frequency shifted versions [5].
The cyclostationary component of a signal may be enhanced
by linearly combining its appropriately weighted time and
frequency shifted versions. This process of lineary combining
frequency shifted versions of a signal is known as FRESH or
Frequency shift filtering [5] and has been utilized in enhancing
and detecting primary signals in the presence of noise [8]. The
optimal weights, in the Minimum Mean Square Error (MMSE)
sense, for the FRESH filter may be obtained by solving the
Wiener-Hopf equations or may be found adaptively [9]. It
is shown in [10] that the detection performance of primary
signals exhibiting cyclostationarity or spectral coherence may
be improved further by the use of Space Time FRESH
(FREquency SHift) filters. The paper considers a single user
multi-antenna system in an AWGN channel and shows that
a suitable FRESH filter configuration may lead to gain of as
much as 10dB in comparison to a standard energy detector.

The above method was developed for a single user system.
However, from a practical standpoint, single user systems are
found to be inadequate for the purpose of spectrum sensing.
This is mainly due to path loss, shadowing, and the hidden
primary user problem [11]. Accordingly, it is proposed that
multiple secondary users should collaborate to counter these
effects [12]–[14]. In this context, the problem of cooperative
spectrum sensing for cognitive radios is investigated. Based on
this idea, in this paper, it is proposed to extend the framework
of [10] from a single user with multiple antennas to multiple
users each with single antenna. The FRESH filter in this case
may be used to boost the performance of every individual978-1-4799-6619-6/15/$31.00 c© 2015 IEEE



user, thereby improving the overall detection performance of
the system.

A soft centralized approach is considered in this paper.
That is, each sensing user is assumed to be connected to a
fusion centre via an unrestricted communication link between
them. It is also assumed that the signal being sensed at
every secondary user originates from the same source. It is
shown that depending on the channel delay spread, the optimal
FRESH filter weights at different users will either be equal or
be correlated. In case the optimal filter weights at different
nodes are equal, then it makes sense to adapt them as a
single weight vector. Recent works on distributed adaptation
algorithms, as reported in [15]–[18], provide some algorithms
suitable for this task. In this paper, the distributed LMS (Least
Mean Squares) algorithms presented in [15] are modified to
suit the system. Next, the case where the weights at different
secondary users are correlated but unequal is considered. It
is shown that the C2-LMS algorithm developed in [10] is
suited for this case. The validity of these claims is tested via
simulation.

The contribution of this paper is twofold. First, FRESH
filter based spectrum sensing is extended to a cooperative
case and the effects of increase in filter length are studied.
Wherein, each secondary user is equipped with a FRESH filter
to improve its detection performance. Each user is assumed
to adapt its filter weights using the sensed data individually.
Following this, algorithms for joint adaptation of filter weights
at different nodes are considered and it is proposed to use these
to adapt the filter weights at different nodes jointly. Using
simulation techniques, it is demonstrated that joint adaptation
may lead to a better sensing performance as compared to
localized adaptation.

Section II presents the signal and the sensing models.
Section III describes two possible adaptation algorithms for
the flat fading case while Section IV does so for a dispersive
channel. Section V presents the simulation results and the
conclusion is drawn in Section VI.

II. SIGNAL AND SENSING MODEL

A. The Primary Signal Model

Consider a primary user signal s(t) exhibiting cyclostation-
arity at cyclic frequencies α1, α2, . . . αM1 ∈ A and conjugate
cyclostationarity at β1, β2, . . . βM2

∈ B. This signal, due to its
spectral coherence [5], [19], may be expressed in the form

s(t) =
∑
α∈A

∫ Vα
0

aα(v)s
α(t− v)dv

+
∑
β∈B

∫ Vβ
0

aβ(v)s
∗β(t− v)dv + ζ(t)

(1)

where ζ(t) is the innovation process and sα(t) = s(t)e−j2παt

and s∗β(t) = s∗(t)e−j2πβt are respectively the frequency
shifted and the conjugate frequency shifted versions of the
signal s(t), and aα(t) and aβ(t) are their respective weight-
ing functions. This signal, after passing through a multipath
channel is sensed by K users, each equipped with a single
antenna. Consequently, for the signal xk(t) received at the

kth secondary user, the hypothesis test may be written as

xk(t) =

{
νk(t) H0

ϕk(t) ∗ s(t) + νk(t) H1
(2)

where νk(t) is the additive noise with zero mean and variance
σ2
ν at the kth secondary user and ϕk(t) is the impulse response

of the channel between the primary user and the kth secondary
user. It may be assumed that the secondary users are placed
sufficiently apart so that there exists no correlation between the
impulse responses of different channels. If the kth spectrum
sensor samples the channel at a frequency Fs, then the
following two cases may arise.

Case 1 : The delay spread, στk , of all the channels is
smaller than the inter sample interval Ts = 1

Fs
. In this case,

the discrete time equivalent channel will be memoryless and
the received signal sample under the alternate hypothesis will
take the form

xk[n] = ϕks[n] + νk[n] (3)

Substituting (1) into (3),

xk[n] = ϕk

(∑
α∈A

∑Pα−1
l=0 aα[l]s

α[n− l]

+
∑
β∈B

∑Pβ−1
l=0 aβ [l]s

∗β [n− l] + ζ[n]
)
+ νk[n]

(4)
where the noise νk[n] may be assumed to be wide sense
stationary,

xk[n] =
∑
α∈A

∑Pα−1
l=0 aα[l]x

α
k [n− l]

+
∑
β∈B

∑Pβ−1
l=0 aβ [l]x

∗β
k [n] + ζ[n] + νk[n]

(5)
The regression coefficients aα[n] remain constant across all
the antennas. The signals received at different antennas may
therefore be viewed as different realizations of the same cyclo-
autoregressive process. The optimal weights for these may
hence be estimated at the same time. This is discussed in more
detail in the next section.
Case 2 : The delay spread of some or all the channels is greater
than the inter sample interval. In this case, the received sample
of the signal under the alternative hypothesis will take the form

xk[n] =

T∑
τ=0

ϕk[τ ]s[n− τ ] + νk[n] (6)

where ϕk[τ ] is the discrete time equivalent of the channel
between the primary user and the kth spectrum sensor. Con-
sequently,

xk[n] =
∑T
τ=0 ϕk[τ ]

(∑
α∈A

∑Pα−1
l=0 aα[l]s

α[n− l]

+
∑
β∈B

∑Pβ−1
l=0 aβ [l]s

∗β [n] + ζ[n]
)
+ νk[n]

=
∑
α∈A

∑Pα−1
l=0 bα,k[l]x

α[n− l]
+
∑
β∈B

∑Pβ−1
l=0 bβ,k[l]x

∗β [n] + ξ[n] + νk[n]
(7)

where

ξ[n] =

T∑
τ=0

ϕk[τ ]ζ[n− τ ] (8)



Therefore, the optimal weights of the FRESH filters at dif-
ferent sensing nodes will be different. However, the signals
received at different nodes will still be correlated and may be
estimated jointly. The C2-LMS algorithm used for this purpose
is detailed in Section IV.

B. The Spectrum Sensing Model

In this proposed model each secondary user is assumed to
be equipped with a single antenna followed by a FRESH filter
consisting of M frequency shifts (M1 non-conjugate frequency
shifts and M2 conjugate frequency shifts, M =M1+M2) and
length L. It is also assumed that each secondary user collects
N samples of the sensedsignal. These samples are used for
adaptation of the FRESH filters as well as for sensing. Let,
the regression vector at the kth user be defined as

uk[n] = [uk1[n], . . . ,ukM [n]]
T (9)

where

ukm[n] = [ukm[n], . . . , ukm[n− L+ 1]]
T

ukm[n] = x
(∗)αm
k [n]

(10)

Here, ukm[n] is the optionally conjugated and frequency
shifted version (for the mth FRESH branch) of the signal
received by the kth user at the nth instant. ukm[n] is the vector
containing the input to the mth FRESH branch of the kth user.
Considering xk[n] as the reference signal for the kth user, the
weight vector wk may be determined so that the mean square
error defined by the following equation is minimized [9].

J = E
[∣∣xk[n]−wH

k uk[n]
∣∣2] (11)

These weights may be adapted using the LMS algorithm [20].
Let, the final weights after adaptation at the kth user be given
as wk[N ]. Then the filtered signal yk[n] at the kth user will
be

yk[n] = wH
k [N ]uk[n] (12)

The distribution of yk[n] under the two hypotheses will take
the form [10]

yk[n] ∼


Nc(0, σ2

ν‖wk[N ]‖2) H0

Nc(0,
(
‖ϕk‖2

)
wk[N ]HRkwk[N ]

+σ2
ν‖wk[N ]‖2) H1

(13)

where ϕk is the tap vector (scalar for a flat fading channel) of
the channel between the primary user and the kth secondary
user and Rk is the covariance matrix of the primary signal
defined as

Rk = E[uk[n]u
H
k [n]] (14)

The primary user signal is correlated with itself in time and
frequency. Therefore,

Rk � σ2
sI (15)

where σ2
s is the primary signal power. Consequently, if the

energy of the filtered signal is used as the test statistic then it
will lead to improved detection performance over the standard

energy detector [10]. In view of this, the test statistic at the
kth user may be

Tk =
∑
n

|yk[n]|2 (16)

It is assumed that all the users report their statistics to the
fusion centre which in the absence of the knowledge of the
individual channel coefficients averages them. Normalizing the
adapted weights to a unit norm ‖w[N ]‖ = 1, the test statistics
at the fusion centre under the two hypotheses may be written
as

T ∼
{
N (σ2

ν , σ
2
T0
) H0

N (µ1(ϕ), σ
2
T1
(ϕ)) H1

(17)

where

T =
1

K

K∑
k=1

Tk, (18)

µ1(ϕ) =

∑K
k=1‖ϕk‖2wH

k [N ]Rkwk[N ]

K
+ σ2

ν (19)

ϕ is the joint channel vector for all the users and σ2
T0

,
σ2
T1
(ϕ) are the variances of the test statistic under the two

hypotheses. It may also be observed that the mean and variance
of the test statistic under alternate hypothesis are dependent
on ϕ. Therefore, for a given channel vector ϕ and detection
threshold λ, the probabilities of detection and false alarm may
be written as

Pd|ϕ = Q

(
λ− µ1(ϕ)

σT1(ϕ)

)
(20)

Pfa = Q

(
λ− σν
σT0

)
(21)

Also, µ1, σT0
and σT1

are functions of the adapted filter
weights and hence indeterminable analytically. Therefore, the
detection thresholds for a constant false alarm rate (CFAR)
detector need to be determined via simulation.

It may also be noted that the performance of this de-
tector will depend on the adapted FRESH filter weights.
The adaptation error in the LMS algorithm is a function of
the instantaneous SNR of the training signal and hence the
filter weights of the users experiencing a deep fade may be
misadjusted. Consequently it is desired to have cooperation
for the weight adaptation stage.

III. ADAPTATION ALGORITHMS FOR FLAT FADING

The task at the kth user is to find the weight vector wk

minimizing the objective function

Jk(wk) = E
[∣∣xk[n]−wH

k uk[n]
∣∣2] (22)

From (5) it may be observed that because of the primary signal
being cyclostationary and the noise being purely stationary, the
optimal wk are independent of k. Therefore, the problem may
equivalently be stated as minimizing

J = E

∣∣∣∣∣
K∑
k=1

(xk[n]−wHuk[n])

∣∣∣∣∣
2
 (23)



This is similar to the global cost function presented in [15].
Therefore, the solutions developed therein may be extended to
this problem as well. The problem of joint weight adaptation
for adaptive FRESH filtering in the presence of a fusion centre
may be tackled in either of the following two ways

1) All the secondary users forward all their data to the
fusion centre which globally adapts the filter weights

2) Each node adapts its own filter weights and after each
adaptation step exchanges information with the fusion
centre so as to arrive at a consensus on the weight values.

In the first case, a version of the global LMS algorithm [15]
as described below may be used

1) Initialize the weight vector as w[0] = 0
2) For the nth iteration update w[n] as

w[n+1] = w[n]+µ

K∑
k=1

1

‖uk[n]‖2
uk[n](xk[n]−wH [n]uk[n])

∗

(24)
Here, µ is the adaptation step size. It may be noticed that
the data from all the nodes, though normalized by the norm
squared of the instantaneous regression vector are given equal
weights. This is due to the absence of knowledge about the
channel coefficients at different nodes. However, if the fading
coefficients of the different secondary users are known to the
fusion centre, then the data from the secondary users with a
higher content of the primary signal may be given more weight
to improve the adaptation performance.

The case where different secondary users average their
weights after each step may be considered similar to the ATC
(Adapt Then Combine)-LMS algorithm [15]. This is described
as

1) Initialize the weight vector at each secondary user as
wk[0] = 0 and the global weight vector as ψ[0] = 0.

2) For the nth, iteration update w[n] at each secondary user
as

wk[n+1] = ψ[n]+µ
1

‖uk[n]‖2
uk[n](xk[n]−ψH [n]uk[n])

∗

(25)
3) Update ψ[n+ 1] as

ψ[n+ 1] =
1

K

K∑
k=1

wk[n+ 1] (26)

Here also, equal weights are assigned to regression coefficient
vector of each secondary user, and yet again these may
be modified if the knowledge of the instantaneous fading
coefficients at different users is available.

A. Communication and Computational Requirements of the
two Techniques

In the global LMS-based solution, all the computation
can be done at the fusion centre but this requires storage
capabilities at the fusion centre. In this case, as each node
needs to send a sample at each sampling instant, there are
K transmissions per sampling instant and a total of KN
transmissions for N samples. The fusion centre in this case

needs to perform KML complex multiplications per received
sample. Therefore, the total number of complex multiplica-
tions required is NKML.

On the other hand the ATC-Diffusion LMS does not require
any storage capability at the fusion centre. Instead, each sec-
ondary user adapts its ML weights and transmits them to the
fusion centre. Consequently, there are 2KML transmissions
per sampling instant and a total of 2NKML transmissions.
Here, every individual sensing node separately requires ML
complex multiplications per sampling instant and therefore,
NML complex multiplications are needed at each secondary
user. Also, as in the case of the Global-LMS based scheme,
all the data is with the fusion centre. Therefore, the sensing
nodes need not transmit their statistics separately. However,
in the ATC-Diffusion LMS based scheme, an additional K
transmissions will be required to report the statistics to the
fusion centre.

IV. ADAPTATION ALGORITHMS FOR DISPERSIVE FADING

It is observed that if the inter-sample interval is smaller than
the channel delay spread then the cyclic regression coefficients
of the signal received at different secondary users will be
different. Hence, these may not be estimated via either of
the algorithms proposed in the previous section. However,
the samples received at different secondary users are still
correlated and, in case all the samples are available at the
fusion centre, the weights for signals received at different
secondary users may be adapted jointly. Defining the vectors
x[n] and u[n] as

x[n] = [x1[n], x2[n], . . . , xK [n]]
T

u[n] = [u1[n],u2[n], . . . ,uK [n]]
T (27)

it may be a good idea to find the weight vectors h and w that
minimize the following

J = E
[∣∣hHx[n]−wHu[n]

∣∣2] (28)

It is important to note here that in the absence of any
constraints, the minimization of the above function leads to
the trivial solution w = h = 0. As a result, in order to arrive
at a nontrivial solution, it is important to constrain either of
the two weight vectors to a non-zero value. This problem was
considered in [10] and the following algorithm was derived as
a solution.

1) Initialize w[n] = 0 and h[n] = gi[k] where i[k] is the
kth column of the identity matrix.

2) For the nth iteration, update w and h as

w[n+ 1] = w[n] + µwu[n]e
∗[n] (29)

and
h[n+ 1] = k[n]h[n]− µhx[n]e∗[n] (30)

where
e[n] = y[n]− v[n] (31)

with
v[n] = wH [n]u[n] (32)



y[n] = hH [n]x[n] (33)

and µh =
µ∥∥∥x[n]∥∥∥2

2

, µw =
µ∥∥∥u[n]∥∥∥2

2

(34)

b[n] = µh<{y∗[n]e[n]} (35)

c[n] = µ2
h

∥∥∥x[n]∥∥∥2
2

∣∣∣e[n]∣∣∣2 − g2 (36)

k[n] = b[n] +
√
(b[n])2 − c[n] (37)

The symbol < above denotes the real part of a complex
number and the step size µ is normalized w.r.t the inputs x[n]
and u[n] so as to accommodate large variations in their values.

This algorithm also requires the transmission of all the
sensed samples to the fusion centre and therefore requires
a total of KN transmissions. A total of 2K + KLM + 2
multiplications are required per iteration step, thereby resulting
in a requirement of N(2K+KLM+2) multiplications at the
fusion centre.

V. SIMULATION RESULTS

This section presents simulation results obtained with ran-
domly generated signals. It is assumed that each user in
the secondary network samples the environment at a rate of
1 MHz. It is further assumed that the FRESH filter attached
to each of these users has a similar structure with a single
conjugate frequency shift branch at 2fc. The primary signal
is assumed to be BPSK modulated with a carrier frequency
fc = 100 kHz. The average power of the primary signal
is fixed at unity while the variance of the additive noise is
varied to achieve different values of the average input SNR.
The fading coefficients are assumed to be Rayleigh distributed
and a 4-tap channel is assumed for the dispersive case. In all
the experiments, 500 samples are used to adapt the FRESH
filter. The samples used to adapt the filters are stored and then
passed through the adapted filters to obtain a filtered signal.
This filtered signal is then subjected to energy detection to test
for the presence of a primary signal.

The performance of the spectrum sensor is evaluated in
terms of the probability of detection with different SNRs for
a fixed false alarm rate of 1%. 1000 independent trials in the
absence of a primary signal are conducted to determine the
detection thresholds. Following this, the detection performance
is tested using 2000 independent trials.

Fig. 1 plots the performance of the proposed cooperative
spectrum sensing scheme for 16 cooperating users with differ-
ent filter lengths. The system is adapted using the Global-LMS
algorithm. The no enhancement‘ case represents a single-tap
FRESH filter (L=1) which is equivalent to a standard energy
detector. A gain of nearly 5 dB is observed as the FRESH filter
length is increased from 1 to 32, for a successful detection rate
of 90%. The performances of the three adaptation algorithms
with different filter configurations are compared in Fig. 2. It
is observed that the systems based on ATC-Diffusion-LMS

Fig. 1. Performance using the Global LMS algorithm and the energy detector
for 16 users and different filter lengths.

Fig. 2. Comparison of the different adaptation algorithms for different
user/filter configurations

and Global LMS behave almost identically for a successful
detection rate of 90% offering a gain of more than 2 dB over
the Local-LMS based system. The gains achieved by different
adaptation algorithms for a successful detection rate of 90%
with different filter configurations are summarized in Table
I. Trends similar to the ones seen in Fig. 2 are observed for
different filter lengths.

Fig. 3 depicts the performance of the proposed system in
case of 8 cooperating users in a dispersive fading environment.
It is again observed that increasing the FRESH filter length
from 1 to 32 results in gains more than 4 dB for a successful
detection rate of 90%. Fig. 4 illustrates the performance
comparison for different adaptation algorithms in a dispersive
multipath channel. In this case, for a successful detection rate
of 90%, joint adaption leads to gain of nearly 1 dB over the
conventional adaptation methods. Similar trends are observed
in Table II which summarizes the gains achieved by the two
algorithms with different filter lengths in a 16 user system.

It is demonstrated that an increase in the FRESH filter
length causes the detector performance to improve, regardless
of the adaptation algorithm. However, joint adaptation of the
FRESH filters at different secondary users leads to better
gains as compared to their independent adaptations. This
improved performance comes at the cost of communication
requirements within the secondary user network. It is also
seen that both the Global-LMS and the ATC-Diffusion-LMS
algorithms offer similar gains. However, in the present case,
the ATC-Diffusion-LMS algorithm has greater communication



TABLE I
GAINS (IN DECIBEL) OFFERED BY THE DIFFERENT ALGORITHMS AT

N = 500 AND K = 16 FOR A FLAT FADING CHANNEL

Filter Length 1 2 4 8 16 32
Local LMS 0 0.16 1 1.85 2.4 2.81
Diffusion LMS 0 0.67 1.83 3.13 4.14 5
Global LMS 0 0.85 1.95 3.2 4 5

Fig. 3. Performance using the C2LMS algorithm and the energy detector for
8 users and different filter lengths in a dispersive channel

requirements. Hence, the Global-LMS algorithm should be
preferred over the ATC-Diffusion-LMS algorithm.

VI. CONCLUSION

The performance enhancement achieved using FRESH fil-
ters in a multiple secondary users case, as well as the perfor-
mance enhancement introduced due to joint adaptation of these
filters, are studied in this paper. It is shown that the optimal
FRESH filter weights for a spectrum sensor depend on the
channel conditions and the inter sample interval at the spec-
trum sensor. Based on this fact, different algorithms to adapt
the FRESH filters present at different secondary users have
been proposed. Simulation results show that the performance
of FRESH filter based cooperative sensing algorithms depend
both on the filter length as well as the adaptation algorithm
being employed. It is further shown that in the case of a flat
fading channel joint adaptation offers significant gains at the
cost of a higher communication requirement. Similar results
are observed for a dispersive channel although the gains in
this case are not as pronounced as those in the flat fading case.
This work assumes the existence of a fusion centre within the
scheme which may not always be true.
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