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a b s t r a c t

In this paper, the problem of spectrum sensing of OFDM signals for cognitive radios is considered.
It is proposed to detect the cyclostationary features introduced in an OFDM signal due to inter-pilot
correlation. The performance of the proposed detector is derived and verified in case of AWGN channels.
It is observed that the performance of cyclostationary detectors relies on the knowledge of the exact value
of the cyclic frequency of the signal of interest. However, an offset in the cyclic frequencymay arise due to
several reasons. Therefore, for the proposed detector to perform reliably, there is a need to estimate the
cyclic frequency offset. The Cramer–Rao bound for the cyclic frequency offset (CFO) estimator is derived,
and based on it, two algorithms to estimate and compensate for the CFO are proposed. Simulation results
are then used to study the performance of the proposed detection technique under Rayleigh fading both
in the presence and the absence of CFO. The performance of the proposed system model is also studied
under fast fading, and an alternative test statistic is proposed.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

During the past few years, the opportunistic spectrum ac-
cess (OSA) model has received much attention due to its ability
to combat the dual problems of spectrum shortage and under-
utilization. Under this model, unlicensed secondary users oppor-
tunistically access unused portions of the licensed spectrum. In
accordance with this model, cognitive radios sense the spectrum
for vacancies and utilize them accordingly [1]. It must, however,
be noted that the primary users sharing their spectrum are pre-
dominantly legacy systems such as digital television and wireless
microphones, which have a user base as well as an infrastructure
in place. It is therefore necessary that this infrastructure remains
unaffected when OSA is implemented. In other words, the cogni-
tive radio system accessing the spectrum opportunistically must
be transparent to the primary users. Hence, it is necessary for the
cognitive radio to efficiently sense the spectrum and detect the
presence of a primary user signal. For this purpose, it is essential
that the sensitivity of a secondary user towards the primary signal
should be more than the primary receiver [2].
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The most popular approach for spectrum sensing is the energy
detection approach that involves measuring power contained in
the band of interest and then comparing it against the background
noise power. Though this is the optimal detector for random signal
detection [3], it requires the exact knowledge of the noise power.
Otherwise, the energy detector fails to sense the spectrum due
to the phenomenon of SNR walls [4]. As a result, it is desired
that certain properties of the primary user signal, absent in the
channel noise should be used to aid its detection. These properties
may be the entire signal structure [5], the pilot information [6], or
statistical properties of the primary signal [7].

OFDM (Orthogonal Frequency Division Multiplexing) is a pop-
ular wide band digital modulation technique because of its ease
of implementation and flexibility. For OSA to be implemented in
a network employing OFDM for modulation, it is necessary to
develop techniques that can distinguish an OFDM signal from the
background noise.Most of themethods developed for OFDM signal
detection are based on the detection of one or more inherent
features, such as the cyclic prefix or the pilot tones. In [8] the
authors propose to use the autocorrelation properties introduced
due to the cyclic prefix as features to detect the primary signal.
The authors in [9] also use the cyclic prefix as a distinguishing
feature in the OFDM system and have developed optimal and sub-
optimal detectors to detect the non-stationarity caused due to the
cyclic prefix. The cyclic autocorrelation function and the sign cyclic
autocorrelation function have respectively been used to detect
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the cyclostationary features introduced due to the cyclic prefix
in [10] and [11]. The authors in [12] use time domain symbol cross-
correlation to detect the correlation introduced by the pilot tones.
This property has also been exploited in [13] where finite time au-
tocorrelation function is used as a test statistic. The authors in [14]
use the empirical cyclic spectral density to detect cyclostationarity
introduced due to correlated pilots. The difference in the statistical
properties of the pilot and data subcarriers is exploited in [15]
for primary signal detection. Artificially induced cyclostationary
features to assist OFDM signal detection are proposed in [16] and
have subsequently been used in [17].

Themethods based on induced cyclostationarity require chang-
ing the primary user signal structure while those based on the
cyclic prefix are weak and susceptible to change with channel
conditions. In view of this, this paper proposes a detector which
uses the cyclostationarity induced due to correlated pilot tones.
The signal model considered here is similar to the one used in [14].
However, instead of using the cyclic spectral density at different
frequencies, this paper proposes to use the cyclic autocorrelation
function to sense the presence of OFDM signals. It may be observed
that the multi-cycle autocorrelation based detector does not re-
quire symbol level synchronization at the spectrum sensor, which
is an advantage over the approach used in [14].

It is observed that most communication signals exhibit cy-
clostationarity only for a set of discrete cyclic frequencies. The
performance of a cyclostationarity detector, therefore is dependent
on the correct knowledge of these frequencies. Unfortunately, it
cannot be ensured that the cyclic frequency known at the cognitive
radio terminal and the cyclic frequency of the primary signal are
the same. An offset between the actual and the known values of
the cyclic frequencies may arise if the channel causes a significant
Doppler shift in the primary user signal, or if there is an offset
in the sampling clock [14,18–20]. The effects of cyclic frequency
offset (CFO) on the detection performance are severe as shown
in [20]. The authors in [20], also propose a mechanism to bypass
the effects of CFO by averaging the test statistics over smaller
sample blocks. However, this technique causes a loss in the number
of features being used for detection thereby compromising the
detection performance. As an alternative, we propose in [21] to
first estimate the CFO and then compensate for its effects so as to
keep the number of features being used for detection unchanged.
In [22], we use the CFO estimation technique proposed in [21]
for estimating the true cyclic frequency of the adaptation stage
of a FRESH filter based spectrum sensing. In this paper we extend
the work of [21] and propose another approach based on gradient
ascent for countering the effects of CFO in cyclostationarity based
spectrum sensing. It is shown via simulation that these approaches
offers a gain of nearly 6dB over the approach presented in [20], but
at the cost of a higher computational complexity.

The detector for cyclostationary features introduced due to
correlated pilots has been derived along with its performance in
Section 2. The effect of CFO on the detector performance is derived
and the necessity for CFO estimation is explained in Section 3.
Section 4 derives the Cramer–Rao bound on the performance of
a CFO estimator. Using this bound, Section 5 proposes a iterative
CFO estimation algorithm based on gradient ascentwhile Section 6
proposes a higher complexity CFO estimation algorithm based on
the greedy search approach. Simulation results are presented in
Section 7 following which the conclusions are drawn in Section 9.
We also consider the performance of the proposed system model
under a fast fading channel, andpropose an alternative test statistic
in Section 8.

2. Signal model and the proposed detector

2.1. The primary user signal model

Let the primary user OFDM signal consist of Nd data sub-
carriers. Out of these, let Np be uniformly spaced pilot sub-carriers
whose locations are given by the elements of the index set Π . Let
the OFDM symbol use a cyclic prefix of lengthNc resulting in a total
OFDM symbol length N = Nc + Nd. If the symbol being sent over
themth sub-carrier of the kth OFDM symbol is given as sk[m] then,
as in [14], the following two conditions are assumed to be satisfied.
First, themagnitudes and phases of the pilots remain constant over
all OFDM symbols, i.e. form ∈ Π

sk[m] = p[m] =
√
Esejθm ∀k (1)

where Es is the average subcarrier energy of the OFDM symbol and
θm is the phase associated with the mth subcarrier. Secondly, it
is assumed that correlation exists between the pilot values and is
purely a function of the difference in pilot locations i.e. form, l ∈ Π

p[m]p∗
[l] = Esejθm−l . (2)

The primary signal transmitted at the nth instant of time may be
written in the form

x[n] =

∑
k

xk[n − kN](u[n − kN] − u[n − (k + 1)N]) (3)

where, u[n] is the discrete time unit step signal and xk[n] is the nth
sample of the kth OFDM symbol, defined as

xk[n] =

⎧⎪⎨⎪⎩
1

√
Nd

Nd∑
m=1

sk[m]e
j2πmn
Nd 0 ≤ n ≤ N − 1

0 otherwise.

(4)

Now, for 0 ≤ n < N xk[n] may be re written as

xk[n] =
1

√
Nd

Nd∑
m=1

sk[m]e
j2πmn
Nd

=
1

√
Nd

∑
m∈Π

sk[m]e
j2πmn
Nd +

1
√
Nd

∑
m̸∈Π

sk[m]e
j2πmn
Nd

=
1

√
Nd

∑
m∈Π

p[m]e
j2πmn
Nd +

1
√
Nd

∑
m̸∈Π

sk[m]e
j2πmn
Nd

= x(p)k [n] + x(d)k [n]. (5)

The pilot locations and values remain unchanged over different
OFDM symbols. Therefore,

x(p)k [n] = x(p)m [n] (6)

for the kth and mth OFDM symbols. Therefore,

x(p)[n] = x(p)[n + kN]. (7)

That is, the contribution of the pilot terms remains unchanged over
periodic shifts of the OFDM symbol.

2.2. The spectrum sensing model

The task of the spectrum sensor is to decide on the presence
of a primary signal based on the received samples. It is assumed
that the sensing receiver knows the transmitting signal parameters
and the received signal is down-converted to baseband, while
maintaining the sampling rate of the primary user. The received
signal y[n] under the two hypotheses may thus be written as

y[n] =

{
ν[n] H0
x[n] + ν[n] H1

(8)
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where ν[n] is the zeromean complex Gaussian noise having a vari-
ance σ 2

ν ,H0 is the null hypothesis corresponding to the absence of
a primary signal and H1 is the alternate hypothesis corresponding
to its presence.

Let R̂α
yy[M, τ ] be the finite time cyclic autocorrelation function

at lag τ and frequency shift α, defined forM received samples as

R̂α
yy[M, τ ] =

1
M − τ

M−1∑
n=τ

y[n]y∗
[n − τ ]e−j2παn. (9)

The signals x[n] and ν[n] may both be assumed to be inde-
pendent of each other. Also the individual samples of both x[n]
and ν[n] may be assumed as i.i.d. Gaussian [13,23,24]. Therefore,
the samples of y[n] may be assumed to be identically distributed
Gaussian random variables. Further, using the central limit theo-
rem, R̂α

yy[M, τ ] may be shown to have a Gaussian distribution [24].
Therefore, the performance of this detector can be determined by
obtaining themoments of the test statistic under the two hypothe-
ses as [21]

R̂α
yy[M, τ ] |H0 =

1
M − 1

M−τ∑
n=τ

ν[n]ν∗
[n − τ ]e−j2παn. (10)

Now, since the noise is assumed to be zero mean wide sense
stationary i.i.d.,

E
[
R̂α
yy[M, τ ] |H0

]
= σ 2

ν δ(α)δ[τ ] (11)

where δ(.) represents the Dirac Delta function, and δ[.] represents
the Kronecker Delta function.

Similarly

R̂α
yy[M, τ ] |H1 =

1
M − τ

M−1∑
n=τ

(x(p)[n] + x(d)[n] + ν[n])

× (x(p)∗[n − τ ] + x(d)∗[n − τ ] + ν∗
[n − τ ])e−j2παn.

(12)

It may be noted that x(d)[n], x(p)[n] and ν[n] are zero mean and
independent of each other as in [13,14]. Also it is important to note
here that the contents of the data sub-carriers are assumed to be
uncorrelated. Now,

E
[
R̂α
yy[M, τ ] |H1

]
= E

[
1

M − τ

M−1∑
n=τ

x(d)[n]x∗(d)
[n − τ ]e−j2παn

]

+ E

[
1

M − τ

M−1∑
n=τ

x(p)[n]x∗(p)
[n − τ ]e−j2παn

]

+ E

[
1

M − τ

M−1∑
n=τ

ν[n]ν∗
[n − τ ]e−j2παn

]
.

(13)

It may be shown that for a sufficiently largeM

1
M − τ

M−1∑
n=τ

x(p)[n]x∗(p)
[n − τ ]e−j2παn

=

⎧⎨⎩
Np

Nd
Esejθα α =

m − l
Nd

,m, l ∈ Π, τ = kN

0 otherwise
(14)

where θα is the phase of the cyclic autocorrelation function corre-
sponding to the cyclic frequency α. For independent data symbols,

E
[
x(d)[n]x∗(d)

[n − τ ]e−j2παn]
=

⎧⎪⎪⎨⎪⎪⎩
Nc

N
Es α = 0, τ = ±Nd

Es α = 0, τ = 0

0 otherwise.

(15)

The finite time cyclic autocorrelation function for α =
m
Nd

, m ∈

{1, 2, . . . ,Np} and τ = kN , k ∈ {1, 2, . . . ,
⌊M

N

⌋
} under the two

hypotheses therefore becomes,

R̂yy[M, τ ] =

⎧⎨⎩ξ0[M, τ ] H0
Np

Nd
Esejθα + ξ1[M, τ ] H1,

(16)

where, ξ0[M, τ ], ξ1[M, τ ] are the zero mean Gaussian distributed
estimation errors arising due to finite time averaging of random
signals. It may be shown that [3,13]

var (ξ0[M, τ ]) =
1

M − τ
σ 4

ν (17)

var (ξ1[M, τ ]) =
1

M − τ

(
Es + σ 2

ν

)2
. (18)

Therefore, the distributions of R̂α
yy[M, τ ] for α = m 1

Nd
,m ∈

{1, 2, . . . ,Np} and τ = kN, k ∈
{
1, 2, . . . ,

⌊M
N

⌋}
under the two

hypotheses are

R̂α
yy[M, τ ] ∼

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Nc

(
0,

σ 4
ν

M − τ

)
H0

Nc

(
Np

Nd
Esejθα ,

(
Es + σ 2

ν

)2
M − τ

)
H1.

(19)

It may be noted that for the signal in addition to the correlated
pilots, the cyclic prefix will cause x[n] to exhibit cyclostationarity.
As discussed previously these cyclostationary features are weak
and are dependent on the length of the cyclic prefix, a function of
the channel conditions. In this paper we consider only the effects
of pilot induced cyclostationarity. However, the cyclostationarity
introduced due to the cyclic prefix may be used to further enhance
the performance of the spectrum sensor. It may be observed that
under low SNRs, the additive noise forms the dominant com-
ponent in the estimation error. Also, for wide sense stationary
white Gaussian additive noise, the estimation error may easily
be shown to be white as in [7]. Therefore, the estimation error
components in the finite time cyclic autocorrelation function may
be considered as independent for different cyclic frequencies and
lags [7]. Thus, the performance of the detector depends on the
correct knowledge of the noise variance σ 2

ν , the primary signal
energy at the spectrum sensor Es, and the phase θα . However,
while the knowledge of σ 2

ν and θα at the spectrum sensor may be
assumed, the exact knowledge of Es may not be available at the
spectrum senor. Nevertheless, as shown subsequently, detectors
without the knowledge of these parameters may still be designed
but at the cost of detection performance. For a cyclic frequency α

the feature vector rα may be defined as

rα = [ℜ{R̂α
yy[M,N]e−jθα }, ℜ{R̂α

yy[M, 2N]e−jθα }, . . . ,

ℜ{R̂α
yy[M, KN]e−jθα }]

T (20)

where K is the total number of lags being used as features andℜ{.}

denotes the real part of a complex number. It is to be noted the vari-
ances of different elements of rα are different, and therefore opti-
mal linear combiner is themaximal ratio combiner [25]. The vector
w = [

√
(M − N),

√
(M − 2N), . . . ,

√
(M − KN)]T , is defined as the
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weight vector to combine the cyclostationary features at different
lags. Consequently, the test statistic detecting the presence of a
signal exhibiting cyclostationarity at a cyclic frequency α may be
written as [7,13,26]

Zα = wT rα =

K∑
k=1

√
(M − kN)ℜ{R̂α

yy[M, kN]e−jθα }. (21)

It may be observed that if the primary user signal exhibits cyclo-
stationarity at more than one cyclic frequency then Zα for different
cyclic frequencies are i.i.d. Gaussian. Let a total of A cyclic frequen-
cies be used for signal detection and A be the set of the possible
cyclic frequencies such that |A| = A. Using all α ∈ A, the test
statistic becomes

Z =

∑
α∈A

Zα =

∑
α∈A

K∑
k=1

√
(M − kN)ℜ{R̂α

yy[M, kN]e−jθα }. (22)

From this, it becomes evident that [13]

Z ∼

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
N
(
0,

AKσ 4
ν

2

)
H0

N

(
A
Np

Nd
Es

K∑
k=1

√
(M − kN),

AK (Es + σ 2
ν )

2

2

)
H1.

(23)

If the above is used as a test statistic, then the probabilities of false
alarm and successful detection for a given threshold λ are given as

Pfa = Q

⎛⎝ λ

σ 2
ν

√
AK
2

⎞⎠ (24)

Pd(λ) = Q

⎛⎝λ − ANp
Nd

Es
∑K

k=1
√
(M − kN)

(Es + σ 2
ν )
√

AK
2

⎞⎠ . (25)

It may be observed that the correct knowledge of Es is essential for
this detector. It is however possible to design a constant false alarm
rate (CFAR) detector even in the absence of this knowledge. If σ 2

ν

is unknown at the spectrum sensor, then it may be approximated
under low SNRs as [13]

σ̂ 2
ν =

1
M

M−1∑
n=0

|y[n]|2. (26)

In case θα is not known at the spectrum sensor, then the feature
vector may alternatively be given as rα = [R̂α

yy[M,N], R̂α
yy[M, 2N],

. . . , R̂α
yy[M, KN]]

T Zα may be defined as

Zα =
⏐⏐wHrα

⏐⏐ =

⏐⏐⏐⏐⏐
K∑

k=1

√
(M − kN)R̂α

yy[M, kN]

⏐⏐⏐⏐⏐ . (27)

Hence Zα will be the absolute value of a complex Gaussian ran-
dom variable. It is well known that for a complex valued random
variable z ∼ Nc(µ, σ ), its absolute value r = |z| is distributed
according to the rice distribution, such that r ∼ Rice(p, q) [27],
with the shifting parameter, p = |µ|, and the scaling parameter
q =

σ2

2 . Therefore, the distribution of the test statistic under the
two hypotheses can be written as,

Zα ∼

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
Rice

(
0, σ 2

ν

√
K
2

)
H0

Rice

(
Np

Nd
Es

K∑
k=1

√
(M − kN), (Es + σ 2

ν )

√
K
2

)
H1.

(28)

Since the cumulative distribution of a non-central Rice dis-
tributed random variable cannot be evaluated in closed form, we
have to resort to simulation techniques to evaluate the perfor-
mance of this detector. In this case the detection threshold has to
be calculated using the Neyman–Pearson criterion. In a Neyman–
Pearson based detector, we fix themaximum allowable false alarm
rate and then find a corresponding detection threshold [28]. In this
case, to realize a constant false alarm rate spectrum sensor based
on the Neyman–Pearson criterion, we generate a large number
of independent realizations of the test statistics, and then choose
the detection threshold corresponding to the desired probability of
false alarm from the sorted realizations of these test statistics.

It is to be noted that the above model though developed for
AWGN channels is also applicable to slow fading flat as well as fre-
quency selective channels as described in the section on simulation
results. However, as explained in Section 8, the above model is not
directly applicable to cases where the channel changes within the
sensing duration. An alternative test statistic for the fast fading case
has been developed in Section 8.

3. Effects of cyclic frequency offset on a cyclostationarity detec-
tor

In the above discussion, it is assumed that the cyclic frequencies
of interest are known perfectly at the spectrum sensor. However,
thismay not always be true. It is observed that the cyclic frequency
of a signal may as well be defined as the difference in the frequen-
cies of two correlated components. Therefore, in case the channel
introduces a Doppler shift in the signal, the frequencies of the two
correlated components will be shifted differently, hence causing
an offset in the true cyclic frequency of the signal. Similarly, a
sampling clock offset at the spectrum sensor will cause a similar
offset in the signal frequencies as described in [14]. It may be noted
that most software defined radio systems sample the signal at
the intermediate frequency and then digitally down-convert it to
baseband. Hence, the effects of Doppler shift and clock offsets will
bemore pronounced in the baseband as compared to the passband.
Therefore, it becomes important to account for these phenomena
while detecting a cyclostationary signal. In this section, we study
the effects of CFO on the performance of a cyclostationary detector.
A practical example for the effects of CFO in sensing an LTE like
system follows in the section on simulation results.

For a deterministic signal, x[n], exhibiting second order peri-
odicity, the finite time approximation of the cyclic autocorrelation
function may also be written as [18–21]

R̃α
xx[M, τ ] = Rα

xx[τ ] ∗

(
e−jπα(M−τ−1) sin(π (M − τ )α)

(M − τ )sin(πα)

)
. (29)

where Rα
xx[τ ] is the true value of the cyclic autocorrelation function

and ∗ denotes convolution over cyclic frequency. If the signal
x[n] exhibits cyclostationarity at certain discrete cyclic frequencies
whose values are contained in the set Γ , then the cyclic autocor-
relation function may be written as

R̃α
xx[M, τ ]

=

∑
γ∈Γ

Rγ
xx[τ ]

(
ejπ (α−γ )(M−τ−1) sin(π (M − τ )(α − γ ))

(M − τ ) sin(π (α − γ ))

)
. (30)

Now, for αm ∈ Γ , if the cyclic frequency known at the receiver is
α = αm + ∆, where ∆ is the CFO introduced due to one or more
reasons as described earlier, (30) may be re-written as

R̃α
xx[M, τ ] = Rαm

xx [τ ]

(
ejπ (∆)(M−τ−1) sin(π (M − τ )(∆))

(M − τ ) sin(π (∆))

)
+

∑
γ∈Γ ,γ ̸=αm

Rγ
xx[τ ]

×

(
ejπ (α−γ )(M−τ−1) sin(π (M − τ )(α − γ ))

(M − τ ) sin(π (α − γ ))

)
.

(31)
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For small ∆, the second term in (31) may be ignored leading to

R̃α
xx[M, τ ] ≈ Rαm

xx [τ ]g(∆,M − τ ) (32)

where

g(∆,M − τ ) = ejπ (∆)(M−τ−1) sin(π (M − τ )(∆))
(M − τ ) sin(π (∆))

. (33)

It may be observed that, for a fixed ∆, the value of g(∆,M)
decreases with an increasing M , weakening the features and con-
sequently degrading the detector performance. To avoid this be-
havior of the detector, Rebeiz et al. in [20] propose to divide the
received samples into P non overlapping blocks each of length L
(PL < M), followed by calculating the finite time approximation
of the cyclic autocorrelation function for each of these blocks, and
finally averaging these estimates. The feature Řα

xx[P, L, τ ] used for
detection is thus defined as

Řα
xx[P, L, τ ] =

1
P

P−1∑
i=0

1
L − τ

(i+1)L∑
iL+τ

x[n]x∗
[n − τ ]ej2πα((n))L (34)

where ((.))L is the modulo L operator. In this case, a trade-off is re-
quired between the values of the block length (L) and thenumber of
blocks (P). It is proposed in [20] to arrive at an optimal combination
of L and P using techniques from convex optimization. However, it
may be observed that τ ≤ L and hence it is not possible to use the
values of the cyclic autocorrelation function at lags greater than
the block length as features, thereby limiting the detector perfor-
mance. This is significant in cases such as the detector proposed in
the previous section, where the features exist only for large values
of τ . This necessitates to look for alternativemethods that avoid the
effects of CFO while keeping the number of usable features unal-
tered. Accordingly, it is proposed that the CFO be first estimated
from the available data and then compensated for. Approaches
towards improving the performance of adaptive cyclostationary
structures by compensating for the CFO have earlier been reported
in [18,19,29]. However to the best of our knowledge, no bounds
on the performance of a CFO estimator have been reported in the
literature so far. Motivated by this, we have discussed the Cramer–
Rao bound on the true cyclic frequency estimator in the conference
version of this paper [21]. In the following section, we present a
detailed derivation of the same.

4. Cramer–Rao bound for the CFO estimator

Assume thatM samples of a random cyclostationary signal x[n]
containing an additive noise component ν[n] are received by the
spectrum sensor. If x[n] has a cyclostationary component with
cyclic frequency αm with the value of the cyclic autocorrelation
function being Rαm

xx = ηejφ , then for a CFO∆, the finite time approx-
imate of the cyclic autocorrelation function at a cyclic frequency α
and lag τ will be a sum of the noiseless cyclic autocorrelation func-
tion with a CFO derived in the previous section and the estimation
error due to additive noise. Here again, under low SNR regimes,
the estimation error will mainly be due to the additive noise and
may safely be assumed as white Gaussian. Substituting (32) in
(16), the finite time autocorrelation function for a cyclostationary
signal corrupted by noise, and a having CFO ∆, under the alternate
hypothesis can be expressed as

R̂α
yy[M, τ ] = ηejφg(∆,M − τ ) + ζ [M − τ ] (35)

where ζ [M − τ ] is the error introduced due to a finite averaging
effect of the additive noise [13] and ζ [M − τ ] ∼ Nc(0, σ 2

ζ ,M−τ ) and

σ 2
ζ ,M−τ ≈

σ4
ν

M−τ
for low SNRs. Based on this, the probability density

function (pdf) of R̂α
xx[M, τ ] may be obtained as

p
(
R̂α
xx[M, τ ]|η, φ, ∆

)
=

1
πσζ ,M−τ

e
−

(
R̂αxx[M,τ ]−ηejφ g(∆,M−τ )

σζ ,M−τ

)2

. (36)

Defining

r =

[
ℜ

{
R̂α
xx[M,N]e−jφ

}
, ℜ

{
R̂α
xx[M, 2N]e−jφ

}
, . . . ,

× ℜ

{
R̂α
xx[M, KN]e−jφ

}]T
, (37)

the pdf of r may then be obtained as

p (r|ηφ∆) =

K∏
k=1

1
√

πσζ ,M−kN
e
−

(
R̂αxx[M,τ ]−ηejφ g(∆,M−kN)

σζ ,M−kN

)2

. (38)

Defining,

l(r|∆) = log(p (r|η, φ, ∆)) (39)

l (r|∆) =

K∑
k=1

log
(
πσ 2

ζ ,M−kN

)
−

K∑
k=1

(
R̂α
xx[M, τ ] − ηejφg(∆,M − kN)

σζ ,M−kN

)2

. (40)

Defining fxi (x1, x2, . . . , xn) as the partial derivative of the function
f (x1, x2, . . . , xn), with respect to xi

l∆ (r|∆)

= 2ℜ

⎧⎨⎩
K∑

k=1

ηejφg∆(∆,M − kN)
(
R̂α
xx[M, τ ] − ηejφg(∆,M − kN)

)
σ 2

ζ ,M−kN

⎫⎬⎭ .

(41)

Since E [l∆ (r|∆)] = 0 therefore, the Cramer–Rao bound on the
variance of the estimation error of ∆ exists [28].

Therefore, the variance of any arbitrary estimator ∆̂ of ∆ must
satisfy the following inequality.

var
(
∆̂

)
≥

1
I(∆)

(42)

where I(∆) is the Fisher information about ∆ contained in r,
defined as I(∆) = −E[l∆∆ (r|∆)].

l∆∆ (r|∆)

= 2ℜ

⎧⎨⎩
K∑

k=1

ηejφg∆∆(∆,M − kN)
(
R̂α
xx[M, τ ] − ηejφg(∆,M − kN)

)
σ 2

ζ ,M−kN

⎫⎬⎭
− 2ℜ

{
K∑

k=1

η2|g∆(∆,M − kN)|2

σ 2
ζ ,M−kN

}
.

(43)

As,

E
[
R̂α
xx[M, τ ] − ηejφg(∆,M − kN)

]
= 0. (44)

Hence,

E [l∆∆ (r|∆)] = E

[
2ℜ

{
K∑

k=1

η2|g∆(∆,M − kN)|2

σ 2
ζ ,M−kN

}]
. (45)

Now (Eq. (46) given in Box I. )
For M − kN ≫ 1

|g∆(∆,M − kN)|2 ≈
π2

sin2(π∆)
. (47)

Substituting this in the definition of I(∆) and simplifying

I(∆) =
2Kη2π2

σ 4
ν sin2(π∆)

[
M −

(K + 1)N
2

]
. (48)
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|g∆(∆,M − kN)|2 =
π2

sin2(π∆)

[
1 −

2sin(π∆(M − kN))[cot(π∆)cos((M − kN)π∆) + sin((M − kN)π∆)]
M − kN

+
sin2((M − kN)π∆)csc2(π∆)

(M − kN)2

]
.

(46)

Box I.

Further substituting (48) into (42), the Cramer–Rao bound on
the variance of an estimate ∆̂ of ∆ may be written as

var(∆̂) ≥
σ 4

ν sin
2(π∆)

2η2π2K
[
M −

(K+1)N
2

] . (49)

It is assumed for the purpose of this derivation that both η and φ

are known. However, if these parameters are unknown, then the
estimator variance will naturally be greater than the case where
they are known. This implies that (49) provides the lower bound
on the CFO estimator variance for all cases.

Also, an MVU estimator satisfying the CRLB can be determined
if there exists a function h(r) of the vector r such that the first
derivative of the log likelihood function satisfies the following
condition [28].
dl(r|∆)
d∆

= I(∆)(h(r) − ∆). (50)

However, l∆(r|∆) does not contain any polynomial functions of
∆ therefore, it is not possible to decompose l∆(r|∆) into a form
similar to (50). Consequently, theMinimumVariance Unbiased es-
timator cannot be found directly and becomes necessary to devise
alternative estimators for∆. It may also be observed from (49) that
the minimum variance of ∆̂ depends on ∆ and that ∆ should be
minimized in order tominimize the variance of ∆̂. It is evident that
α = αm + ∆, where αm is the true value of the cyclic frequency
and is therefore a constant. Hence, (49) also gives the Cramer–Rao
bound for an estimator of the true cyclic frequency of the signal of
interest.

If the true cyclic frequency (α) of the SOI is estimated iteratively,
then ideally the magnitude of ∆ should decrease with each suc-
cessive estimation thereby reducing the variance of the estimator.
Consequently, it is desired to have an iterative estimate of α. The
following sections propose two methods which attempt to obtain
an iterative estimate of the actual value of the cyclic frequency of
the signal of interest from the given samples.

5. The gradient ascent algorithm

It may be seen that the primary signal component of each
element rk of r is individually maximized when α = αm and
therefore, a linear combination of the samewill also bemaximized
for α = αm. Now, the function |g(∆,M)| is concave within the
window

[
−1
M , 1

M

]
, and hence may be maximized by moving along

the gradient. Since each element of r corresponds to g(∆,M) with
a differentM , all of which are maximized at the same point. Maxi-
mizing a linear combination of different elements of r is equivalent
to maximizing the individual g(∆,M) for each M . Further, if the
weights of the different components of r are assigned in inverse
proportion to their variances, then the linear combination of the
elements of r to be maximized is wHr. Now, r can be both real as
well as complex, depending on the knowledge of the phase of the
cyclic autocorrelation function. Accordingly maximization of the
objective function J = |wHr|2 is considered here.

The objective function may be rewritten as

J = rHWr (51)

where W = wwH . Differentiating J w.r.t. α

∇α J = ∇αrHWr + rHW∇αr = 2ℜ
{
∇αrHWr

}
. (52)

Considering the more general case where φ is not known,

rk =
1

M − kN

M−1∑
n=kN

x[n]x∗
[n − kN]e−j2παn (53)

and

bk = ∇αrk =
1

M − kN

M−1∑
n=kN

x[n]x∗
[n − kN]e−j2παn(−j2πn). (54)

If it is assumed that there is only a small change in α̂, the estimate
of α, from one iteration to another, then both rk and bk can be
computed iteratively. These may then be used to update α̂, which
may again be used to update rk and bk. Consequently, the iterative
estimation procedure for α based on gradient ascent may be sum-
marized as follows.

1. Initialize

• The number of samples to be used for the initial esti-
mate as B.

• The cyclic frequency estimate α̂[B] = α0 as the apriori
known value of the cyclic frequency.

• The initial length of feature and the gradient vectors
K =

⌊ B
N

⌋
. Based on this, for 1 ≤ k ≤ K initialize the

following
• rk[B] =

1
B−kN

∑B
n=kNx[n]x

∗
[n − kN]e−j2πα̂[B]n.

• bk[B] =
1

B−kN

∑B
n=kNx[n]x

∗
[n − kN]e−j2πα̂[B]n(−j2πn).

• wk[B] = B − kN .

2. For the nth step, B < n < M , update.

• K =
⌊ B

N

⌋
Then for 1 ≤ k ≤ K update.

• rk[n] =
n−kN−1
n−kN rk[n−1]+ 1

n−kN x[n]x
∗
[n−kN]e−j2πα̂[n]n.

• bk[n] =
n−kN−1
n−kN bk[n − 1] +

1
n−kN x[n]x

∗
[n −

kN]e−j2πα̂[n]n(−j2πn).
• wk = n − kN .

3. Based on this, update

α̂[n + 1] = α̂[n] + 2µ[n]ℜ{bHWr} (55)

where

µ[n] =
µ

∥b[n]∥2

andµ is the step size for adaptation, normalized at each step
w.r.t. the instantaneous norm squared value of the gradient.
At low SNRs, the contribution of noise to the instantaneous
estimates of both the cyclic autocorrelation function as well
as gradient will be quiet large and the amplitudes of both
will depend mainly on the noise power. This will result
in the magnitude of change in each step being dependent
on the SNR of the received signal, which is undesirable,
therefore, we normalize the step size with the power of the
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received signal. The convergence of this algorithm may be
proved by following steps similar to those presented in [18].

It is observed that each step requires K 2 complex multi-
plications. If the value of K is fixed or capped to a maximum
then the overall computational complexity of the adaptive
algorithm forM samples may be expressed as O(MK 2).

6. The greedy approach

An alternative approach to find α̂ thatmaximizes the test statis-
tic is to search for it from among all the available cyclic frequencies.
As the search for the optimal α̂ is being constrained within the
main lobe of g(∆,M), the size of the search window is inversely
proportional to the number of samples being used. Hence, it is
preferred to use a smaller number of samples during the search
operation so as to keep the optimum α̂ within the search window.
However, on the other hand, the error introduced due to averaging
over a smaller number of samples will be large, thereby reducing
the reliability of the estimate. Keeping this in view, an iterative
procedure that starts with a large search window but gradually
shrinks in size may be a good compromise. It may be a good option
here to use a greedy approach which selects α̂ that maximizes the
value of the objective function within a given search window and
then builds the new search window centered around the previous
best. Also, since the value of the test statistic will be maximized at
the true cyclic frequency, it is a good idea to choose the test statistic
as an objective function of the greedy algorithm. Hence, if the value
of φ is known, then the optimal α̂ for a given window will satisfy

α̂o = argmax
α̂

{
ℜ

{
K∑

k=1

(M − kN)(R̂α̂
yy[M, kN]e−jφ)

}}
. (56)

In case φ is not known, then the optimal α̂ satisfies

α̂o = argmax
α̂

{⏐⏐⏐⏐⏐
K∑

k=1

(M − kN)(R̂α̂
yy[M, kN])

⏐⏐⏐⏐⏐
}

. (57)

Based on this and following an approach similar to [19], the greedy
approach to find the optimum value of α̂ may be described as
follows.

1. Divide theM received samples into smaller blocks of length
L each.

2. Initialize

• The number of sample blocks B to be considered for
the initial estimate of α̂ so that the initial length of the
sample block becomes QB = BL.

• The initial estimate of the cyclic frequency, βB = α.
• The iteration counter q = B.

3. For B ≤ q ≤
⌊M

L

⌋
• Define

– The number of lags to be considered for the esti-
mate k =

⌊
Qq
N

⌋
.

– The normalized width of the cyclic frequency
search window Lq =

1
Qq

.

• Split the search window from βq − Lq to βq + Lq into P
search points.

• For each point γqp around βq, calculate R̂
γqp
yy [qL, kN] for

1 ≤ k ≤ Kq.
• Based on the information available about φ set the

estimate of the true cyclic frequency in the q th stage,
βq+1 as the cyclic frequency that maximizes (56) or
(57).

Table 1
Comparison of computational complexities of different CFO estimation algorithms
in terms of complex multiplications.

Algorithm Complexity

Gradient Ascent O(M)
Greedy Search O(M2)

4. Assign Qq+1 = Qq + L and q = q + 1.

The cyclic frequency to be used for sensing is assumed to be
the one obtained in the final step of iterations. It may be observed
that the calculation of the cyclic autocorrelation function for the q
th block with a given lag kN , requires qL complex multiplications
and therefore, the search in each window requires qKLP com-
plex multiplications. Now since there are qmax such search win-
dows, therefore, the total number of multiplications will become
qmax(qmax + 1)KLP complex multiplications. Since the maximum
number of search blocks is, qmax =

⌊M
L

⌋
, hence, the number of

complex multiplications required is
(⌊M

L

⌋2
+
⌊M

L

⌋)
KLP . Ignoring

the flooring operation, we can write the number of multiplications
required as M2

L KP + MKP . Consequently, the overall order of com-
plexity of the proposed algorithm for a fixed K turns out to be
O(M2).

6.1. Performance of the CFO estimators

The performance of the cyclostationary detector relies on the
residual error in the cyclic frequency. It may be observed from
the nature of g(∆,M) that the spectrum sensing operation will
fail if the absolute value of the residual CFO lies above a certain
threshold, beyond which the strength of the cyclic autocorrelation
function becomesnegligible. The 3dBpoint in the function g(∆,M)
may be considered as one such threshold. Therefore, the perfor-
mancemetric for any CFO estimation algorithmmay be formulated
as a hit/miss function, with the residual CFO lying within the 3
dB window of g(∆,M) counted as a hit, and that outside it as a
miss. The performance of the CFO estimator may, therefore, be
determined in terms of the probability of hit that is the probability
of the residual CFO lying within the 3 dB window of g(∆,M) for a
given number of samples, or the probability of miss which is the
probability of the residual CFO lying outside the said window.

Another important factor to consider here is the computational
complexity of the CFO estimation algorithm. Ideally, it is desired
that the computational complexity of the spectrum sensing al-
gorithm should be linear in the number of samples being used
as well as the number of features being employed for detection.
However, it is seen that the addition of a CFO estimator to the
spectrum sensor results in an additional computational complexity
for the spectrum sensor. The computational complexities of the
two algorithms considered in our work have been tabulated in
Table 1.

7. Simulation results

In this section, simulation results using randomly generated
signals are presented. The primary user OFDM signal is assumed
to consist of 2048 data subcarriers out of which 256 are pilot sub-
carriers. A cyclic prefix of length 256 is added to the signal making
the total length of the OFDM symbol equal to 2304. It may be
observed that for an LTE like system having a sub-carrier spacing
of 15 kHz, a 2048 carrier system approximately corresponds to
a bandwidth of 30 MHz and an inter pilot spacing of 120 kHz.
It is assumed that the passband signal sampled by the spectrum
sensor is suitably down-sampled to meet the baseband OFDM
signaling rate. It is also assumed that 45000 signal samples are
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Fig. 1. Performance of the proposed detector for different number of features in the
absence of any CFO.

Fig. 2. CFO estimation performance of the gradient ascent algorithm for different
step sizes at different SNRs.

used for spectrum sensing. Which for a signaling rate of 30 MHz
correspond to a sampling duration of 1.5 ms, and results in K = 19
OFDM symbols being used for detection. For the purpose of these
experiments, the primary user signal variance is kept constant at
unity and the variance of the additive noise is varied to achieve
SNRs in the range −20 to 0 dB. Also, it is assumed that the phase
of the cyclic autocorrelation function is known at the spectrum
sensor. For the experiments involving CFO estimators, the cyclic
autocorrelation function at a single cyclic frequency and all the
possible lags is considered. It is assumed that the known cyclic
frequency is offset by 1% from its true value. This value of the CFO
is taken after considering the fact that the effect of Doppler shift
in the baseband equivalent of a signal is upper bounded to a few
hundred ppm, and the sampling clock offset considered in [14] is
of the order of tens of ppm.

The performance of a spectrum sensing algorithm is evaluated
in terms of the detection probability at different input SNRs. Un-
less specified, the detection thresholds are set to give a constant
false alarm rate of 1%. Here, 2000 independent trials are con-
ducted to determine the detection performance of the algorithm
and 1000 trials are conducted to determine its CFO estimation
performance.

7.1. Performance of the proposed detector without any CFO

Fig. 1 illustrates the performance of the proposed detector in
the absence of any CFO for different number of lags and cyclic
frequencies. It is observed that the simulation results agree with
that expected as per the theory derived in Eqs. (24) and (25) . Also,

Fig. 3. Detection performance of the gradient ascent algorithm for different step
sizes at different SNRs.

it is observed that the derived performance improves considerably
as the number of features being used is increased. A gain of nearly
5 dB for a successful detection probability of 90% is observed as
the number of features being used is increased from 1 to 19 for
a single cyclic frequency. It is also observed that increasing the
number of cyclic frequencies from 1 to 2 results in an additional
gain of 1.5 dB. This implies that, if for a given number of cyclic
frequencies, the number of temporal features are limited then the
detector performance will suffer. The effect of uncertainty in noise
variance on the proposed spectrum sensor is also studied here. It is
observed that the performance of the proposed detector degrades
only marginally in the presence of ±1 dB noise uncertainty, thus
showing the robustness of the proposed detector to noise uncer-
tainty.

It may be noted that the detector proposed in [13] uses the
conventional autocorrelation at different lags as a feature. This is
a special case of our proposed detector for α = 0. This case is
also plotted in Fig. 1 and is shown to be at par with the proposed
detector for a single cyclic frequency.

7.2. Performance of the gradient ascent algorithm in the presence of
CFO

Figs. 2 and 3 depict the performance of the gradient ascent
algorithm at different SNRs with different step sizes. The number
of samples for the initial estimates (B) in these experiments was
fixed at 10,000. The estimation error in this case is modeled using
a hit/miss function, with a hit corresponding to the final estimate
of the cyclic frequency lying within the 3 dB window of true cyclic
frequency and a miss corresponding to the final estimate lying
outside it. Fig. 2 plots the probability ofmiss for the gradient ascent
algorithm for different step sizes at different SNRs. In both the cases
discussed above, the initial CFO is assumed to be 1% of the true
cyclic frequency.

It is observed that the performance of the gradient ascent
based CFO estimation algorithm is dependent on the step size.
Smaller step size means that the system is more likely to ascend
the correct gradient. It also results in slower convergence thereby
limiting the performance of the estimator as well as the detector.
It may be observed from Fig. 2 that a small step size results in
a greater probability of miss thereby indicating that the number
of samples required by the algorithm for convergence to the true
cyclic frequency is larger than the available number of samples.
On the other hand, larger step size results in faster convergence
of the algorithm but yields a larger residual CFO, again limiting the
detector performance. In the present case, it is found via simulation
that a step size in the range (1 − 1.5) × 10−3 is a good choice for
the given number of samples. The performance loss due to CFO in
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Fig. 4. CFO estimation performance of the greedy search algorithm for different
block sizes at different SNRs.

this case is nearly 7 dB. It may be noted here that smaller step sizes
will work better for larger number of samples and vice versa.

Similarly, it is observed in Fig. 3 that the probability of detection
performance suffers for both very small and very large step sizes,
and the optimal step size lies in the range (1 − 1.5) × 10−3. For a
successful detection rate of 60%, a suitable choice of the step size,
can compensate for the effects of CFO by as much as 10 dB.

7.3. Performance of the greedy search algorithm in the presence of CFO

In this set of experiments, the variation in the performance of
a spectrum sensor with a CFO estimator based on greedy search
algorithm for different signal to noise ratios and block sizes is
studied. The number of blocks (B) for the initial estimate is given
B =

⌊ 10000
L

⌋
for a block size L . Fig. 4 shows the probability of

the estimated cyclic frequency lying outside the 3 dB point of the
main lobe of the sinc function window centered around the true
cyclic frequency for different SNRs. Fig. 5 shows the plots for the
probability of detection after the CFO is estimated for an AWGN
channel. It may be seen from both these figures that, reducing the
size of the search block from 3N

2 to N
2 results in gains of upto 4 dB.

However, this improvement in the performance comes at the cost
of additional computational complexity.

Fig. 6 plots the detection performance of the spectrum sensor
using a greedy search based CFO estimator when the phase of the
cyclic autocorrelation function is unknown in different cases. The
detection threshold in this case is determined via simulation. 1000
independent trials in the absence of a primary signal are conducted
so as to determine the detection threshold for a fixed false alarm
rate of 1%. It is observed that the performance in the case of no
CFO is slightly degraded in comparison to the casewhere the phase
is known. It is observed that smaller block sizes tend to improve
the detection performance by as much as 2 dB for a successful
detection rate of 90%. This, however, still shows a loss of more than
2 dB in comparison to the no CFO case.

Fig. 7 shows the complimentary ROCs of spectrum sensor with
a greedy search based CFO estimator at an SNR of −10 dB. Also,
smaller block sizes result in better detection performances at the
spectrum sensor.

7.4. Comparison with the existing method

Fig. 8 compares the performance of different CFO compensation
schemes at different SNRs. It is found that the algorithm proposed
in [20] performs best for a block size N

2 and hence those resultsmay
be used as the benchmark for comparisonwith othermethods. It is
observed that for a successful detection rate of 90%, the gradient as-
cent based approachprovides a gain of nearly 1 dBwhile the greedy

Fig. 5. Detection performance of the greedy search algorithm for different block
sizes at different SNRs.

Fig. 6. Detection performance of the greedy search algorithm for different block
sizes at different SNRs when the phase of the cyclic autocorrelation function is
unknown.

Fig. 7. Complimentary ROCs of spectrum sensor with a greedy search based CFO
estimator at an SNR of −10 dB for different block sizes.

Fig. 8. Detection performance of different CFO compensation schemes at different
SNRs.
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Fig. 9. Detection performance of different CFO compensation algorithms at−10 dB
for different values of the CFO.

search approach results in a gain of nearly 6 dB in comparison to
the method proposed in [20].

In Fig. 9, the performances of different CFO compensationmeth-
ods are plotted against different values of the CFO. It is observed
that the gradient ascent algorithm provides good performance for
smaller values of the CFO but its performance degrades as the
CFO increases. It is also observed that the greedy search algorithm
outperforms other methods by a large margin but at the cost of
increased computational complexity.

7.5. Performance under fading channels

In the case of a slow fading channel, the received signal under
the two hypotheses will be given as

y[n] =

{
ν[n] H0
ϕ[n] ∗ x[n] + ν[n] H1

(58)

where ϕ[n] is the channel impulse response. This may be rep-
resented as a scaler ϕ for a frequency flat fading channel and a
vector ϕ, with a length equaling the channel length in the case of a
frequency selective channel. In view of this, the distribution of the
test statistics under the two hypotheses for a fading channel will
take the form [13,30]

Z ∼

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
N
(
0,

AKσ 4
ν

2

)
H0

N

(
∥ϕ∥

2A
Np

Nd
Es

K∑
k=1

(M − kN),
AK (∥ϕ∥

2Es + σ 4
ν )

2

2

)
H1.

(59)

Consequently, the expression for the probability of false alarm re-
mains unchanged as given by (24), but the probability of detection,
conditioned on ϕ becomes

Pd(λ|ϕ) = Q

⎛⎝λ − ANp
Nd

∥ϕ∥
2Es
∑K

k=1
√
(M − kN)

(∥ϕ∥2Es + σ 4
ν )
√

AK
2

⎞⎠ . (60)

The overall probability of detection for a fading channel may
be obtained by averaging the above over ϕ. This may not be
possible analytically and numerical integration may be required,
as in [31]. However, detection thresholds for a constant false alarm
rate may be obtained by using (24). In this case, the thresholds
are determined to keep the false alarm rate fixed at 1%. These
thresholds may then be used to determine the corresponding de-
tection rates via simulation. For the purpose of these simulations,
the primary signal component in the received signal,whenpresent,
is convolved with a channel vector having Rayleigh distributed
elements with an exponentially decaying power profile. Following

Fig. 10. Detection performance of the greedy search algorithm for different block
sizes at different SNRs for a flat fading channel.

Fig. 11. Detection performance of the greedy search algorithm for different block
sizes at different SNRs for a frequency selective fading channel.

this, the cyclic autocorrelation function of the received signal is
calculated for different lags. These are then combined to form the
test statistics to be compared against a detection threshold deter-
mined by (24). Further, 2000 independent trials were conducted
to determine the detection performance. This is done both in the
absence and the presence of a 1% CFO. When present, the CFO is
corrected by the greedy search algorithm for different block sizes.
The performance of the spectrum sensor using a greedy search
based CFO estimation for different block sizes under frequency flat
fading is compared against the no CFO case and the no correction
case as shown in Fig. 10. It may again be observed that for a
detection rate of 90%, reducing the search block size from 3N

2 to
N
2 results in gains of as much as 4 dB. The performance of a greedy
search system under a 128 tap frequency selective fading channel
is shown in Fig. 11. It may again be observed that reducing the
search block size from 3N

2 to N
2 improves the detection performance

by 4 dB.

8. Performance under frequency non-selective fast fading

The Doppler frequency shift, in addition sampling clock offsets
is a major reason for CFO. The value of CFO considered in this work
is of the order of 1%, that corresponds to a moderately fast fading
channel. In this section, we extend the system model presented
previously to a fast fading channel, where the channel coherence
time is approximately equal to one OFDM symbol duration, and
is therefore more than one order of magnitude smaller than the
sensing duration. We consider only a frequency non-selective fad-
ing channel for the sake of simplicity, however, this model may
be extended to a frequency selective channel as well. The signal



192 R. Chopra et al. / Physical Communication 24 (2017) 182–194

received at the nth instant can be written as

y[n] =

{
ν[n] H0
ϕ[n]x[n] + ν[n] H1

(61)

where, the channel coefficient remains unchanged for each OFDM
symbol, and therefore, the channel coefficient for samples con-
tained withing the lth OFDM symbol, i.e. for n ∈ {(l − 1)N +

1, . . . , lN}, may be expressed as ϕ[n] = ϕ(l)
∼ Nc(0, 1). Hence,

the channels corresponding to K OFDM symbols can expressed
as the sequence ϕ = [ϕ(1)ϕ(2) . . . ϕ(K )

]. The finite time cyclic
autocorrelation function under the alternate hypothesis for a given
channel sequence, ϕ, can now be written as

R̂α
yy[M, kN] |H1, ϕ

=
1

M − kN

M−1∑
n=kN

(ϕ[n]x(p)[n] + ϕ[n]x(d)[n] + ν[n])

(ϕ[n − kN]x(p)∗[n − kN] + ϕ[n − kN]x(d)∗[n − kN]

+ ν∗
[n − kN])e−j2παn. (62)

Taking expectation, we can write,

E[R̂α
yy[M, kN] |H1, ϕ ]

=
1

M − kN

(
M∑

n=kN

ϕ[n]ϕ∗
[n − kN]E

[
x(p)[n]x∗(p)

[n − kN]e−j2παn]
+

M∑
n=kN

ϕ[n]ϕ∗
[n − kN]E

[
x(p)[n]x∗(d)

[n − kN]e−j2παn]
+

M∑
n=kN+1

ϕ[n]E
[
x(p)[n]ν∗

[n − kN]e−j2παn]
+

M∑
n=kN+1

ϕ[n]ϕ∗
[n − kN]E

[
x(d)[n]x∗(p)

[n − kN]e−j2παn]
+

M∑
n=kN

ϕ[n]ϕ∗
[n − kN]E

[
x(d)[n]x∗(d)

[n − kN]e−j2παn]
+

M∑
n=kN+1

ϕ[n]E
[
x(d)[n]ν∗

[n − kN]e−j2παn]
+

M∑
n=kN+1

ϕ∗
[n − kN]E

[
ν[n]x∗(p)

[n − kN]e−j2παn]
+

M∑
n=kN+1

ϕ∗
[n − kN]E

[
ν[n]x∗(d)

[n − kN]e−j2παn]
+

M∑
n=kN+1

E
[
ν[n]ν∗

[n − kN]e−j2παn]). (63)

Letting α =
m
Nd

and using the independence of pilots, data and
noise along with the fact that only the pilot component exhibits
cyclostationary at α =

mN
Nd

all but the first term of (63) can be
eliminated. Therefore,

E[R̂α
yy[M, kN] |H1, ϕ ] =

1
M − kN

M∑
n=kN+1

ϕ[n]ϕ∗
[n − kN]

× E
[
x(p)[n]x∗(p)

[n − kN]e−j2παn] . (64)

Also, since x(p)[n] = x(p)[n+kN], the above terms can be rearranged
as

E[R̂α
yy[M, kN] |H1, ϕ ] =

1
M − kN

K∑
l=k

ϕ(l)ϕ∗(l−k)

× E

[
N∑
i=1

x(p)[i]x∗(p)
[i]e−j2παn

]

=
Np

Nd
Esejθm

K∑
l=k+1

ϕ(l)ϕ(l−k). (65)

The second term is a summation of the products between the
channel coefficients for different symbols. This will result in a
significantly degraded system performance with the test statistics
considered in this work. We therefore need to use different statis-
tics for this case. Assuming symbol level synchronization at the
spectrum sensor [14], we can define the test statistic for a sensing
duration equivalent K OFDM symbols of length N each, resulting
in a total ofM = KN samples. We can define the test statistic as

Z[M,N, kN] |ϕ =

∑
α∈A

K∑
k=0

1
√
M − kN

K∑
l=k+1

⏐⏐⏐⏐⏐
N∑
i=1

y[lN + i]

× y∗
[(l − k)N + i]e−j2πα(lN+i)

⏐⏐ . (66)

Letting,

P̂α
yy[l, k,N] =

1
M − kN

N∑
i=1

y[lN + i]y∗
[(l − k)N + i]

× e−j2πα(lN+i), (67)

and therefore,

P̂α
yy[l, k,N]|ϕ

∼

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Nc

(
0,

σ 4
ν

N

)
H0

Nc

(
ϕ(l)ϕ∗(l−k)Np

Nd
Esejθα ,

(
|ϕ(l)ϕ(l−k)

|Es + σ 2
ν

)2
N

)
H1.

(68)

Consequently,

Z[M,N, kN] |ϕ =

∑
α∈A

K∑
k=0

1
√
M − kN

K∑
l=k+1

⏐⏐⏐P̂α
yy[l, k,N]

⏐⏐⏐ . (69)

Since Z[M,N, kN] is a summation of absolute values of Gaussian
rvs, its exact distribution under the two hypotheses is indeter-
minable in closed form. However, the performance of this detector
can be determined using simulation techniques. Moreover, since
the test statistic is not the cyclic autocorrelation function, the
characterization of the effects of CFO, and the derivation of cyclic
frequency estimators for the same is beyond the scope of this
paper. Fig. 12 provides a comparison of the proposed test statistic
with the test statistics proposed in the main body of this paper
for, AWGN, slow and fast fading channels. For the purpose of this
experiment, the channel is assumed to be constant during the
sensing duration in case of a slow fading channel, and is assumed
to change with each OFDM symbol for a fast fading channel. The
fast fading case is realized by multiplying each OFDM symbol with
an i.i.d. complex Gaussian fading coefficient, although in practice
these coefficients will be correlated for moderately fading chan-
nels. It is observed that under slow fading, the test statistic for fast
fading channels performs same as the test statistics discussed in
the paper. However, for a fast fading channel, the fast fading test
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Fig. 12. Detection performance of test statistics for slow and fast fading channels.

statistic results in a 5 dB gain over the test statistics discussed in
the paper for a detection rate of 0.8.

It is however to be noted that the above figure compares the
performance of the different spectrum sensing schemes under a
perfect knowledge of the channel coherence time as well as sym-
bol level synchronization at the receiver, the knowledge of these
parameters may not be achievable for spectrum sensing systems.
Therefore, it is an important open direction for research to extend
this problem to cases without symbol level synchronization at the
spectrum sensor.

9. Conclusion

This paper considers the problemof sensingOFDMsignals using
correlated pilots. It is observed that the inter-pilot correlation
causes the OFDM signal to exhibit cyclostationarity which may
be used to detect its presence. A feature detector for detecting
cyclostationarity at multiple cyclic frequencies and temporal lags
is proposed and its performance is derived in case of an AWGN
channel. Following this, the effect of any deviation from the known
value of the cyclic frequency on the system performance is eval-
uated. It is observed that for large number of samples, even a
small offset in the cyclic frequency may cause severe degradation
in the detector performance. The method for compensating the
effects of the CFO, as proposed in [20] is studied and is found to
be inadequate in case of the proposed detector, where the feature
to be detected are placed far apart.

Alternatively, it is proposed to estimate and then compensate
for the effects of CFO, thereby enabling the use of all possible
features. Derivation of the Cramer–Rao bound on the performance
of the CFO estimator, is presented, and it is observed that the
variance of the CFO estimator depends on the actual value of
the CFO. As a result, it is proposed to estimate the CFO itera-
tively. Following this, two iterative algorithms are proposed for
the purpose. The first is the less complex gradient ascent based
algorithm which works only for small values of CFO. The second
approach, similar to the one discussed in the conference version
of this paper, is based on greedy search which works for larger
offsets in the cyclic frequency as well, but at the cost of increased
computational complexity. These methods are compared with the
algorithm in [20] and it is observed that the greedy search algo-
rithm provides an advantage of more than 6 dB over the method
proposed therein but at the cost of computational complexity.
Following this, the performance of the proposed detectors under
fading channels is studied, and it is found that compensation

of CFO leads to gains of as much as 4 dB even under fading
channels. It may also be observed that the methods developed
in this paper for the purpose of estimation and correction of
cyclic frequency offset may be applied to any cyclostationary de-
tector, and may as well be extended to other systems based on
cyclostationarity.

However, it is observed that the test statistics used for slow
fading are not directly applicable to fast fading channels, therefore
developing low complexity fast fading CFO correction algorithms
can be a direction for future work.
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