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a b s t r a c t

This paper considers the problem of spectrum sensing of cyclostationary signals for
cognitive radios. It has been reported earlier using simulation results that FRESH filtering a
signal, prior to spectrum sensing, may result in gains of more than 5 dB over the standard
energy and cyclostationary detectors. This paper develops a quasi-analytical theory of
spectrum sensing based on FRESH filtering. It is shown that significant performance gains
are achievable in both energy detection and cyclostationarity detection via FRESH filtering
of the received signal prior to the detection step. The aforementioned approach may be
shown to reduce the number of samples required to achieve a given detection performance
bymore than 90% in practice, thereby reducing the sensing time in a cognitive radio system.
It is also shown that the FRESH filtering before energy detection may reduce the effects of
SNR walls caused due to noise uncertainty. The validity of all the derived observations is
verified via simulations.

© 2016 Elsevier B.V. All rights reserved.
1. Introduction

Recent studies have shown that the usable frequency
spectrum is grossly underutilized. At the same time the
emergence of new wireless communication services is re-
sulting in a crunch in the usable spectrum. The oppor-
tunistic spectrum access (OSA) model has been proposed
to counter the dual problems of spectrum shortage and un-
derutilization. Under this model, unlicensed or secondary
users may opportunistically access unused parts of the li-
censed spectrum [1–3]. In such systems, it is required that
the licensed user for the band in question, referred to as the
primary user, should remain unaffected by the secondary
user activities. Hence, the secondary user must utilize the
band only when the primary user is absent. Consequently,
it is necessary for the secondary user to sense the band
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of interest for a spectrum opportunity. This task becomes
challenging as the IEEE 802.22 standard for WRANs (wire-
less regional area networks) for utilizing white spaces in
the television bands requires the spectrum sensor to suc-
cessfully sense signals having powers as low as−116 dBm,
more than 20 dB below the noise floor [4]. Therefore, in
order to detect the primary user signal faithfully, the sec-
ondary user spectrum sensor should be more sensitive
towards the primary user signal as compared to the pri-
mary receiver [5,6]. It is also important that the secondary
user spends minimum possible time for spectrum sensing,
thereby maximizing its throughput [7].

The problem of spectrum sensing may be viewed as
a classical binary hypothesis testing problem, where the
null hypothesis corresponds to the absence of the primary
signal and the alternative hypothesis corresponds to its
presence. A spectrum sensing algorithm, must, therefore
be able to distinguish between these two hypotheses
based on samples collected from the environment. In this
case, it is a good idea to detect the primary signal using
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certain features present in it but absent in the ambient
noise. These features may further be enhanced prior to
the detection step in order to improve the detection
performance. The optimal solution in this case is amatched
filter. However, this requires the exact knowledge of the
primary user signal structure, which may not be available
at the secondary user. Instead, we propose to use the
received samples to adapt a filter matched to the primary
user signal structure.

It has been shown by Gardner in [8] that most com-
munication signals exhibit cyclostationarity or spectral
coherence. That is, most communication signals are corre-
lated with their time and frequency shifted versions. On
the other hand, the additive noise being white and wide
sense stationary, is not so. Therefore, cyclostationary fea-
tures of the primary signal may be utilized to distinguish
it from the ambient noise. The use of cyclostationarity for
spectrum sensing was first proposed in [9]. Following this,
the use of cyclostationary features for spectrum sensing
has received much attention [10–18] and most of these
techniques use the cyclic autocorrelation function of the
received signal at different lags and cyclic frequencies as a
test statistic.

It is shown [19] that a cyclostationary signal may be en-
hanced by appropriately linearly combining itwith its time
and frequency shifted versions. Due to the frequency shifts
involved, this process is knownas FRESH (FREquency SHift)
filtering. Optimal FRESH filters for cyclostationary signals
were developed by Gardner in [19]. It is shown in [20,21]
that adaptive techniques may also be used to determine
the weights for optimal FRESH filters. The use of FRESH fil-
ters to aid the detection of a BPSK signal is proposed in [21].
These are used for spectrum sensing in [22]. It is shown in
our previous paper [23] that the performance of a single
user multi-antenna system may be enhanced by the use
of Space-Time FRESH filters; simulation results are used
in [23] to show that for the aforementioned case, a suitable
Space-Time FRESH filter configurationmay lead to gains of
up to 10 dB as compared to a standard energy detector.

In [23] simulation based evaluation is used to determine
the effects of FRESH filtering. This paper provides a
theoretical model for the performance evaluation of a
single antenna FRESH filter based spectrum sensing. The
results developed here may be extended to a space-time
FRESH filter as discussed in [23]. It is noted in [23] that
the presence of a primary signal component in a FRESH
filtered signalmay be detected both by the use of an energy
detector, as well as a cyclostationary detector. In this paper
it is shown by the use of a combination of analytical and
empirical results that the use of FRESH filters improves
detection performance for the aforementioned detectors.
This quasi-analytical approach is followed because it is
found that the variances of the test statistics under the
two hypotheses become analytically intractable and need
to be determined empirically. Based on these results, the
number of samples required to achieve a desired detection
performance is calculated for each of these detectors, and
it is shown that the use of FRESH filters significantly
reduces the required number of samples. This may result
in reduced sensing time and increased throughput of the
secondary user.
The robustness of FRESH filter based spectrum sensing
to various impairments is also studied. The impairments
considered here are noise uncertainty and CFO (Cyclic
Frequency Offset). It is observed that the phenomenon of
SNR walls arising in energy detectors, due to uncertainty
in the value of ambient noise variance may be avoided
to some extent by performing FRESH filtering prior to
detection. It is also seen that CFO in the adaptation stage
has adverse effects on the performance of both the energy
detector and the cyclostationary detector.

The major contributions of this work may therefore be
summarized as

• The effect of FRESH filtering the sampled signal prior to
energy detection on the performance of the spectrum
sensor is studied and quasi analytical expressions for
the same are derived (see Section 3).

• Quasi analytical expressions are also derived for the
performance evaluation of the spectrum sensor to study
the effect of FRESH filtering of the sampled signal on
cyclostationarity detectors (see Section 4).

• The effects of impairments i.e. noise uncertainty and
cyclic frequency offset on the FRESH filter based
spectrum sensing systems are discussed and it is shown
that FRESH filter based spectrum sensing can be used to
alleviate the problem of SNR walls (see Section 5).

• The derived results are verified using simulations.

The rest of the paper is organized as follows. The signal,
sensing and filtering models are introduced in Section 2.
The performance of the energy detector based on FRESH
filtering is derived and verified using simulation results
in Section 3. The cyclostationary detector for a FRESH
filter based spectrum sensor along with its performance is
studied in Section 4. The performances of these detectors,
viz. FRESH filter based energy detector and FRESH filter
based cyclostationary detector under noise uncertainty
and cyclic frequency offset are studied in Section 5. Finally
the conclusions are drawn in Section 6.

2. The signal, filtering and sensing models

2.1. The signal model

It is assumed, as in [8] that the primary signal s[n] ex-
hibits cyclostationarity at cyclic frequencies α1, α2, . . . ,
αM1 ∈ A and conjugate cyclostationarity atβ1, β2, . . . , βM2
∈ B and therefore may be expressed as [8],

s[n] =


α∈A

Lα−1
l=0

aα[l]sα[n − l]

+


β∈B

Lα−1
l=0

aβ [l]s∗β
[n − l] + ζ [n] (1)

where ζ [n] is the innovation component and sα[n] and
s∗β

[n] are respectively the frequency shifted and the
conjugate frequency shifted versions of the signal s[n]
defined as,

sα[n] = s[n]e−j2παn (2)

s∗β
[n] = s∗[n]e−j2πβn. (3)
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As a result of the spectral coherence, the cyclic
autocorrelation function at cyclic frequency α and lag τ ,
defined as,

Rα
ss[τ ] = E


sα[n]s∗[n − τ ]


, (4)

and the conjugate cyclic autocorrelation function, defined
as,

Rβ∗

ss∗ [τ ] = E

s∗β

[n]s∗[n − τ ]

, (5)

are nonzero at cyclic frequencies α ∈ A and β ∈ B
respectively [8]. Here, E[.] is the expectation operator.
These featuresmay be used to distinguish a cyclostationary
signal from any non-cyclostationary signal as well as to
enhance it.

2.2. Optimal and adaptive FRESH filtering

In [19] Gardner showed that the optimal filter for
a cyclostationary signal has a linear periodically time
varying (LPTV) impulse response. It is shown in [8] that
the filtered signal y[n] generated on passing a signal x[n]
through an LPTV filter with impulse response h[n, τ ] may
be written as,

y[n] = x[n] ∗ h[n, τ ] =


η

hη[n] ∗ x−η
[n] (6)

where∗denotes the convolution operation and hη[τ ] is the
Fourier Series coefficient of h[n, τ ] at frequency η and lag
τ . Due to the frequency shifts involved, an LPTV filter is also
known as a FRESH (FREquency SHift) filter.

The problem of optimal FRESH filtering for a signal
x[n] exhibiting cyclostationarity at M1 number of cyclic
frequencies (α ∈ A) and conjugate cyclostationarity atM2
number of cyclic frequencies (β ∈ B) may be considered
as the problem of finding the optimal weight vector wo
such that themean square value of the error signal, defined
as,

e[n] = x[n] − wH
o u[n]

= x[n] − v[n] (7)

is minimized [19].
Here u[n] is the filter input vector, defined as,

u[n] =

xα1T [n] · · · xαM1 T [n]x∗β1T [n] · · · x∗βM2 T [n]

T
xα

= [xα
[n], . . . , xα

[n − Lα + 1]]T

x∗β
=

x∗β

[n], . . . , x∗β
[n − Lβ + 1]

T (8)

and Lα is the filter length corresponding to the frequency
shift α. In this paper, for the sake of simplicity, the length
of the FIR filters attached to each of theM (M = M1 + M2)
number of FRESH branches is assumed to be fixed to L.
The overall length of the regression vector u[n], therefore,
becomesML.

The optimalweightsminimizing themean square value
of e[n] may be obtained by solving the Wiener–Hopf
equations [19,24]. Also, similar to the conventionalWiener
filters, these weights may be determined adaptively. It
may be observed that the reference signal required for
adaptation is same as the input signal. Therefore the
adaptation process can be carried out blindly, without the
requirement of an external reference signal. This was first
proposed in [20] and is known as the BA-FRESH (Blind
Adaptive FRESH) filtering. A typical BA-FRESH filtering
structure is shown in Fig. 1. In this paper, this structure
is assumed to be adapted using either the FRESH-LMS or
the FRESH-RLS algorithms. These adaptation algorithms
are described as Algorithms 1 and 2, respectively [24,22].
In Algorithm 1, µL is the adaptation step size while µR is
the forgetting factor in Algorithm 2 [24].

Algorithm 1 The FRESH-LMS algorithm
Initialize the weight vectorw[0] = 0
For the nth sample, calculate e[n] = x[n] − wH

[n]u[n]
Updatew[n + 1] = w[n] +

µL
∥u[n]∥2

u[n]e∗
[n]

Algorithm 2 The FRESH-RLS algorithm
Initialize the weight vectorw[0] = 0 and P[0] = δ−1I
For the nth sample, calculate :

e[n] = x[n] − wH
[n − 1]u[n]

π[n] = P[n − 1]u[n]
k[n] =

π[n]
µR+uH [n]π[n]

Update
w[n + 1] = w[n] + k[n]e∗

[n]
P[n] = µ−1

R P[n − 1] − µ−1
R k[n]uH

[n]P[n − 1]

2.3. The sensing model

It is assumed that the spectrum sensor collects N
samples of the signal x[n] from the environment. This
signal, under the two hypotheses, may be written as,

x[n] =


ν[n] H0
s[n] + ν[n] H1

(9)

where ν[n] is the wide sense stationary, zero mean
complex Gaussian noise having zero mean and a variance
σ 2

ν , s[n] is the primary user signal, the null Hypothesis H0
corresponds to the absence of the primary signal and the
alternate hypothesis H1 to its presence.

It is proposed in [23] to use these samples to adapt the
filter weights to obtain the weight vector w[N]. The sam-
ples used to adapt the filter are stored and then passed
through the adapted filter to obtain the signal y[n] such
that,

y[n] = wH
[N]u[n] (10)

wherew[N] is the adapted filter weight vector. The filtered
signal y[n] is then used to detect the presence of the pri-
mary signal. For this purpose, y[n] may be fed to an energy
detector or a cyclostationary detector. The detection statis-
tics and the performances of these detectors in the case of
AWGN channel are detailed in the following sections.

3. Performance of the energy detector

The noise component ν[n] of the signal x[n] does
not exhibit cyclostationarity and therefore, will not be
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Fig. 1. Blind Adaptive FRESH filter structure, as proposed in [20].
enhanced due to FRESH filtering. On the other hand,
the cyclostationary component of the received signal, if
present, will be enhanced by FRESH filtering. The simplest
strategy to detect this enhanced component is to compare
the finite-time energy of the filtered signal against the
noise floor. The test statistic in this case, therefore,
becomes,

TE =
1
N

N−1
n=0

|y[n]|2

=
1
N

N−1
n=0

wH
[N]u[n]uH

[n]w[N]. (11)

It can be seen that both u[n] andw[N] are random vectors.
Consequently, for a large number of samples, the test
statistic TE may be assumed to have a normal probability
density function (pdf) [25]. In order to determine the
performance of this detector, the mean and variance of the
test statistics under the two hypotheses are required.

Taking expectation on both sides of Eq. (11),

E[TE] =
1
N

N−1
n=0

E

wH

[N]u[n]uH
[n]w[N]


. (12)

Assuming that the adapted weights and the regression
vectors are independent [24], we have,

E[TE] =
1
N

N−1
n=0

E

wH

[N]E

u[n]uH

[n]

w[N]


=

1
N

N−1
n=0

E

wH

[N]Ruuw[N]


= E

wH

[N]Ruuw[N]


(13)

where Ruu = E

u[n]uH

[n]

is the covariance matrix of the

regression vector u[n]. Under the null hypothesis H0,

Ruu = σ 2
ν I (14)
where, I is the ML dimensional identity matrix and the
weight vectorw[N] is normalized such that, ∥w[N]∥

2
2 = 1.

Therefore,

E[TE |H0] = E

∥w[N]∥

2
2σ

2
ν


= σ 2

ν . (15)

On the other hand under the alternate hypothesis H1,
where the primary signal is present, x[n] = s[n] + ν[n]
and consequently,

Ruu = Rss + σ 2
ν I (16)

where,

Rss = E





sα1 [n]
.
.
.

sαM1 [n]
s∗β1 [n]

.

.

.

s∗βM2 [n]



× [sα1H [n] · · · sαM1H [n]s∗β1H [n] · · · s∗βM2H [n]]



=


R0
ss[0] Rα1−α2

ss [0] · · · R
α1+βM2
ss [0]

.

.

.
.
.
.

. . .
.
.
.

R
−βM2−α1
ss [0] R

−βM2−α2
ss [0] · · · R0

ss[0]

 (17)

here Rαi−αk
ss [τ ] is the cyclic autocorrelation matrix of the

primary signal at cyclic frequency αi − αk and lag τ . Such
that,

Rαi−αk
ss [τ ] = E[sαi [n]sαkH [n − τ ]]. (18)
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This matrix will be non-zero only if s[n] exhibits cyclosta-
tionarity atαi−αk. Theweight vectorw[N]may be decom-
posed as w[N] = wo + w̃[N], with wo being the optimal
weight vector and w̃[N] = wo − w[N] the weight error
vector.

Defining

Q[N] = E[w̃[N]w̃H
[N]], (19)

the mean of the test statistic under the alternative
hypothesis may be written as [24],

E[TE |H1] = σ 2
ν + wH

o Rsswo + tr(Q[N]Rss). (20)

The weight error vector can be observed to consist of
two terms, an exponentially decaying term due to the
weight error and a fixed term, proportional to the step
size. Therefore, for a sufficiently large N and sufficiently
small adaptation step size, the last term in the above
expression due to theweight error vectorwill be negligibly
small [24] in comparison to the first term and may be
ignored. Therefore,

E[TE |H1] ≈ σ 2
ν + wH

o Rsswo. (21)

The optimal weight vector is defined as,

wH
o = R−1

ss rss[0] (22)

where

rss[0] = [rα1
ss , . . . , r

βM2
ss ]

T (23)

and

rαss[0] = [Rα
ss[0], . . . , R

α
[L − 1]]T (24)

where the scaler Rα
ss[0] represents the cyclic autocorrela-

tion function at cyclic frequency α and lag τ . Therefore,

E[TE |H1] ≈ σ 2
ν + rHssR

−1
ss rss. (25)

The second moment of the test statistic, required to
determine its variance, may be calculated as,

E[|TE |2] = E

 1
N

N−1
n=0

|y[n]|2
2


= E


1
N2

N−1
n=0

N−1
m=0

wH
[N]u[m]uH

[m]

× w[N]wH
[N]u[n]uH

[n]w[N]



= E


1
N2

N−1
m=0

N−1
n=0

ML
i=1

ML
k=1

ML
p=1

ML
q=1

w∗

i wkwp

× w∗

qui[m]u∗

k [m]u∗

p[n]uq[n]



=
1
N2

N−1
m=0

N−1
n=0

ML
i=1

ML
k=1

ML
p=1

ML
q=1

E[w∗

i wkwpw
∗

q ]

× E[ui[m]u∗

k [m]u∗

p[n]uq[n]] (26)
where wi represents the ith element of the weight vector
w[N] and ui[n] represents the ith element of the regression
vector u[n]. Invoking the Isserlis’ theorem [26], the term
E[ui[m]u∗

k [m]u∗
p[n]uq[n]] may be written as,

E[ui[m]u∗

k [m]u∗

p[n]uq[n]]

= E[ui[m]u∗

k [m]]E[u∗

p[n]uq[n]]

+ E[ui[m]uq[n]]E[u∗

k [m]u∗

p[n]]

+ E[ui[m]u∗

p[n]]E[u∗

k [m]uq[n]]. (27)

In the absence of the primary signal, this term reduces to,

E[ui[m]u∗

k [m]u∗

p[n]uq[n]|H0]

= σ 4
ν (δ[i − k]δ[p − q] + δ[(m − n) − (i − p)]

× δ[(m − n) − (k − q)]) (28)

where δ[.] represents the Kronecker Delta function.
Substituting (28) in (26) and using ∥w[N]∥

2
= 1, we have,

E[|TE |2|H0] = σ 4
ν +

σ 4
ν

N


p


ML
i=1

E[w∗

i wi−p]

2
 . (29)

The first term in this expression corresponds to (E[TE |H0])
2

and the second term is the variance of the test statistic.
That is,

var(TE |H0)

=
σ 2
E0

N
=

σ 4
ν

N


p


ML
i=1

E[w∗

i wi−p]

2
 . (30)

Here, the term σ 2
E0

is introduced for notational conve-
nience. The optimal weight vector, under the null hypoth-
esis, is the null vector. Therefore, the variance of the test
statistic under the null hypothesis is entirely a function of
theweight error vector. Itmay be seen that the termwithin
the brackets corresponds to the sum of the elements of the
weight error covariancematrix. Therefore, it is not possible
to determine a closed form expression for this term.

However, it may be observed that this term will be
minimized, when the individual weight error terms are
independent of each other, resulting in a diagonal weight
error covariance matrix. Also, it may be shown that this
term will be maximized when all the entries in the
weight error covariance matrix are equal. Based on these,
the variance of the test statistic may be observed to be
bounded as,

σ 4
ν ≤ σ 2

E0 ≤ MLσ 4
ν . (31)

In the presence of the primary user signal, the
simplification of Eq. (26) and subsequent subtraction of the
term corresponding to the square of the mean of the test
statistic yields,

var(TE |H1) =
σ 4

ν

N


p

 ML
i=1

E[wiw
∗

i−p]

2

+ 2γi

ML
i=1

ML
j=1

ML
k=1

E[wiw
∗

j w
∗

kwk−p]ρss[p − (i − j)]
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+ γ 2
i

σ 4
ν

N2

N−1
m=0

N−1
n=0

ML
i=1

ML
j=1

ML
k=1

ML
l=1

E[wiw
∗

j w
∗

kwl]

× (ρss((n − m) − (i − j))ρss((n − m) − (k − l))
× ρss((n − m) − (i − l))ρss((n − m) − (k − j))) (32)

where γi denotes the SNR at the input of the FRESH filter
defined as γi =

σ 2
s

σ 2
ν
. Here, the last term may be ignored

under low SNR conditions and the above expression may
be approximated as,

var(TE |H1) =
σ 4

ν

N


p

 ML
i=1

E[wiw
∗

i−p]

2

+ 2γi

ML
i=1

ML
j=1

ML
k=1

E[wiw
∗

j w
∗

kwk−p]

× ρss[p − (i − j)]) . (33)

This function again becomes analytically indeterminable
due to its dependence on the weight correlation matrices.
However, in this case, due to the weight error being
negligible in comparison to the optimal weights, we can
discard the expectation operation. Also, this expression
will be maximized when the correlation coefficient is
uniformly 1 and all theweights are equal so as tomaximize
the individual cross terms. The variance of the test statistic
under the alternate hypothesis may then be bounded as,

var(TE |H1) ≤
σ 2

ν

N


p

 ML
i=1

1
ML

2

+ 2γi

ML
i=1

ML
j=1

ML
k=1


1
ML

2
 . (34)

This may be simplified to,

var(TE |H1) =
σ 2
E1

N
≤

σ 4
ν

N
ML(1 + 2γiML). (35)

Consequently, the distribution of the test statistic under
the two hypotheses may be written as,

TE ∼


N


σ 2

ν ,
σ 2
E0

N


H0

N


σ 2

ν + wH
o Rsswo,

σ 2
E1

N


H1.

(36)

The probability of false alarm for a threshold λ is,

Pfa = Q

√
N(λ − σ 2

ν )

σE0


(37)

where Q (.) is the Marcum-Q function [27]. Accordingly,
the detection threshold for a constant false alarm rate
(CFAR) detector takes the form

λ =
σE0Q

−1(Pfa)
√
N

+ σ 2
ν . (38)
Probability of detection for a fixed threshold, is

Pd = Q


√
N

λ − (σ 2
ν + wH

o Rsswo)

σE1


. (39)

Substituting (38) into (39) and simplifying we get,

Pd = Q

Q−1(Pfa) −
√
N wH

o Rsswo
σE0

σE1
σE0

 . (40)

Defining the output SNR of the FRESH filter as,

γo =
wH

o Rsswo

σE0

= γi
wH

o Rsswo

σ 2
s

σ 2
s

σ 2
E0

. (41)

The term wH
o Rsswo
σ 2
s

may be defined as the FRESH filter gain
for the primary signal.

The detection performance is expected to improvewith
the FRESH filter length as long as the term wH

o Rsswoσ
2
ν

σ 2
s σ 2

E0
is greater than unity. In this term, both the numerator
and the denominator are non-decreasing functions of the
number of FRESH filter branches (M) and lengths (L). This
expression may be solved to find the optimal values of
M and L. Also, (40) may be solved to find the number of
samples (N) required to obtain a given detection rate (Pd)
for a pre-defined false alarm rate (Pfa) as,

N =

Q−1(Pfa) −
σE0
σE1

Q−1(Pd)

γo

2

. (42)

It may be observed that the number of samples required
varies as the inverse square of the output SNR which in
turn depends on the FRESH filter configuration. Therefore,
the sensing time for a FRESH filter-based spectrum sensing
system also depends on the FRESH filter configuration.
Simulation results show that the appropriate FRESH filter
configurations may reduce the sensing time by more than
one order of magnitude.

3.1. Evaluation of variances

As discussed above, variances of the test statistic under
both the hypotheses depend on the filter and the primary
user structure and cannot be determined in a closed form.
However, bounds on their values alongwith simulation ex-
periments may be used to determine empirical approxi-
mates. For the purpose of these simulation experiments,
the primary user signal is considered to be BPSK modu-
lated with a data rate (fb) 10 kilo bits per second, a carrier
frequency (fc) 100 kHz. The spectrum sensor is assumed
to take samples at 1 MHz. It is known that a BPSK signal
exhibits conjugate cyclostationarity at 2fc [8]. Therefore,
the FRESH filter consists of a single conjugate frequency
(M = M2 = 1) shift branch at 200 kHz. The length of the
FRESH filter attached to this branch is varied and takes val-
ues between 1 and 32.
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Table 1
Test statistic variance under the null hypothesis compared against the bounds.

Filter length 1 2 4 8 16 32

Lower bound 0.100 0.100 0.100 0.100 0.100 0.100
Simulated value 0.100 0.130 0.159 0.180 0.194 0.204
Upper bound 0.100 0.200 0.400 0.800 1.600 3.200
In all the experiments, the FRESH filter is first adapted
using the sensed signal. These samples are saved and
passed through the adapted filter to generate a filtered
signal which is then used to generate the test statistic.
The test statistics are generated for different noise
variances and different numbers of samples. These trials
are repeated using both the FRESH-LMS and the FRESH-
RLS algorithms to ensure that the obtained test statistics
are independent of the algorithm used for adaptation.
Ten thousand independent test statistics are generated
for each combination of noise variance and FRESH filter
length under both the hypotheses. It is verified in all the
experiments that the variance of the test statistic in all the
aforementioned cases is simply inversely proportional to
the number of samples being used, and follows the bounds
determined earlier. The variances of the test statistic for
different filter lengths, at an SNR of −10 dB are listed in
Table 1.

Itmay be noted fromTable 1 that the variance of the test
statistic under the null hypothesis stays close to the lower
bound, but cannot be approximated by it. It is also evident
that it is not possible to derive a tighter bound due to the
dependence of this term on the weight error covariance
matrix. Therefore, the test statistic variance under the null
hypothesis has to be determined empirically. Hence, in the
absence of the primary user signal, the weight error vector
will depend only on the filter configuration. Consequently,
the variance of the test statistic under the null hypothesis
will also be a function of the filter configuration and is
given by,

var(TE |H0) =
σ 4

ν

N
(1 + g0(M, L))2 =

σ 2
E0

N
(43)

where g0(M, L) is an empirically determinable function of
M and L. In the present case, asM = 1 this functionmay be
reduced to g0(L). From the simulation results, it is observed
that the term g0(L) in (43) may be plotted against the filter
length (L) as shown by the black dots in Fig. 2. These points
are obtained by averaging the experimentally determined
value of g0(L) over different noise variances, with different
number of samples and for both the adaptation algorithms
described in the previous section. It may be seen from the
plot that the function g0(L) is an increasing function of the
filter length L and may be approximated as

g0(L) = c1 ln(1 + c2(L − 1)). (44)

The parameters c1 and c2 are determined using MATLAB
curve fitting toolbox and c1 = 0.07857, and c2 = 8.89.
The fit using these values in (44) is shown in Fig. 2 by the
solid line.

Alternatively, the cross correlation coefficient of the
weight vector may safely be assumed to be inversely
Fig. 2. Empirical determination of the energy detector standard
deviation in the absence of the primary signal for different filter lengths.

proportional to the lag parameter factor, p. That is,

E[w∗

i wi−p] ∝
1
p
. (45)

We may therefore write the summation term as
ML
i=1

E[w∗

i wi−p]

2

= g1(p) (46)

with g1(.) as a decreasing function of the argument. Taking
g1(p) = p−c3 , for simplicity we may write the test statistic
variance under the null hypothesis as

σ 2
E0

N
=

σ 4
ν

N

ML
p=1

p−c3 . (47)

Yet again, in the absence of any knowledge about the
correlation structure of the weight error vector, the term
c3 has to be determined empirically. The value of this
parameter was found out to be c3 = 1.635. Fig. 3 plots the
predicted and experimental values of the null hypothesis
variance of the test statistics against the FRESH filter
length.

Fig. 4 compares the variance of the test statistic
evaluated using simulation under the hypothesis H1
against the derived upper bound at different SNRs. It can
be observed from the figure that for SNRs below−5 dB, the
simulated test statistic variance closely follows the upper
bound and, therefore, may be approximated as,

σ 2
E1 ≈ σ 4

ν ML(1 + 2γiML). (48)

Hence, it may be concluded that the variance of the
test statistic lies close to the lower bound under the null
hypothesis, but has to be determined empirically. Itmay be
noted that this variance is independent of the primary user
signal structure. Therefore, this may be calculated offline
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Fig. 3. Empirical determination of the energy detector standard
deviation in the absence of the primary signal for different filter lengths.

Fig. 4. Test statistic variance for different SNRs under the alternate
hypothesis.

for a given FRESH filter configuration. Also, either of the
two empirical estimates may be used to determine this.
However, the test statistic variance under the alternate
hypothesis can be closely approximated by the derived
upper bound in Eq. (35).

3.2. Performance evaluation under AWGN channels

Here, simulation results using randomly generated
signals for the theory developed above are presented.
For this purpose, the primary user signal and the FRESH
filtering system are assumed to be same as those used
for the determination of empirical parameters. In all these
experiments, the primary user variance is fixed at unity
and the variance of the additive noise is varied to achieve
different SNRs as per the requirement of the experiment.
The system performance is evaluated in terms of the
detection rate for input SNRs varying from −20 to 0 dB
for 500 samples, and in terms of the number of samples
required to achieve a successful detection performance
at an input SNR of −14 dB. The false alarm rate in all
these experiments is fixed at 1%. For theoretical evaluation,
the test statistic variance under the null hypothesis is
approximated using Eq. (43). This is used to calculate
the threshold for a given false alarm rate as derived
in Eq. (37). The variance of the test statistic under the
alternate hypothesis is approximated as in Eq. (48). The
detection threshold, and the two variances are then used
to determine the detection performance by the use of Eq.
(39). For simulation based evaluation in the case of optimal
filter weights being known, 1000 independent trials in
Fig. 5. Performance of a FRESH filter based energy detector for different
filter lengths and adaptation algorithms.

the absence of the primary user signal are conducted to
fix the detection threshold corresponding to a false alarm
rate of 1%. Following this, 2000 independent trials are
conducted to determine the detection performance. In
the case of adapted filter being used for detection, 5000
independent trials are used to determine the detection
thresholds and 10000 trials are used to determine the
detection performance.

Fig. 5 illustrates the performance of the FRESH filter-
based spectrum sensor followed by an energy detector for
different filter lengths. This experiment considers weights
adapted using both the LMS and the RLS algorithms. It
is observed that the FRESH-RLS algorithm-based system
performs marginally better than the FRESH-LMS-based
system at the cost of increased computational complexity.
It may also be observed that increasing the FRESH filter
length from 1 to 32 results in a gain of nearly 6 dB for
a successful detection rate of 90%. In the figure, the no
enhancement case refers to a FRESH filter length of 1which
essentially is the standard energy detector.

It was observed during the experiments that the
number of samples required for the FRESH filter weights to
converge is much larger than the number of samples being
used for detection. Consequently, the predicted results
differ significantly from the simulation results. This is
because the predicted results assume the filter weights to
be optimal. To alleviate this discrepancy, the knowledge
about the optimal FRESH filter weights was assumed at
the spectrum sensor and the signal samples were passed
through a FRESH filter having optimalweights. The optimal
filter weights are determined by first allowing the FRESH
filters to converge by using a large number of samples for
adaptation and then averaging these weights over 2000
independent realizations.

Fig. 6 compares the predicted detection rate at different
SNRs with the detection rate achieved using optimal
and adapted (using the RLS algorithm) filter weights for
different filter lengths. It may be observed that the plots
for the cases where the optimal weights are known closely
follow the behavior of the system as predicted by Eqs. (39)
and (37). It may also be observed that if the correlation
structure of the primary signal, and hence the optimal
FRESH filter weights, are known then gain of 6 dB is
achieved by increasing the filter length from 1 to 8.

In Fig. 7 the number of samples required to achieve
90% detection rate and 10% false alarm rate obtained
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Fig. 6. Comparison of predicted and actual performances of a FRESH filter
based energy detector for different filter lengths.

Fig. 7. Number of samples required to achieve a 90% detection rate in an
energy detector based spectrum sensor.

using Eq. (42) is compared against the number of samples
required to achieve this performance for the following
cases: weights adapted using the LMS algorithm, weights
adapted using the RLS algorithm, and optimal weights
known to the system. It is seen that the required number
of samples drops by more than two orders of magnitude
when the FRESH filter weights are known at the spectrum
sensor. Also, in case the FRESH filterweights are not known
a priori, then an increase in the FRESH filter length from 1
to 32 may reduce the number of required samples by at-
least one order of magnitude.

The energy detector for a FRESH filtered signal is simple,
but suffers from the same problems as encountered in the
standard energy detector [25]. It is shown in Section 5
that the phenomenon of SNR walls occurs in an energy
detector-based spectrum sensor because of an uncertainty
in themeanof the test statistics under both thehypotheses.
In order to avoid thephenomenonof SNRwalls due to noise
uncertainty, the mean of the test statistic under both the
hypotheses should be independent of the ambient noise
variance. It is, therefore, desired to develop an alternative
detector such that its test statistics are independent of
the ambient noise variance. Cyclostationarity detectors
[28,11] have been shown to possess such properties and
are discussed in Section 4.

3.3. Performance evaluation under fading channels

The above discussion pertains to the performance
of FRESH filtering based energy detector systems for
AWGN channels. However, as discussed in the literature,
channel propagation effects such as fading and shadowing
adversely affect the performance of spectrum sensors. We
therefore consider the effect of flat fading channels on the
performance of energy detectors for FRESH filter based
spectrum sensing systems. A related discussion on the
effects of dispersive fading on FRESH filter based spectrum
sensing, along with collaboration techniques for FRESH
filter based spectrum sensing can be found in our related
work [29].

Considering ϕ to be the zeromean circularly symmetric
complex Gaussian fading coefficient between the primary
user and the spectrum sensor, the received signal x[n]
under the two hypotheses may be expressed as,

x[n] =


ν[n] H0
ϕs[n] + ν[n] H1.

(49)

As the presence of fading does not affect the noise
component of the received signal, therefore, the behavior
of the proposed system under the null hypothesis remains
unaltered by the presence of fading. However, under the
alternate hypothesis, the primary user signal component
gets scaled by the fading coefficient ϕ. It may be shown
via simple manipulations that for a given realization of the
channel, the distribution of the test statistics under the two
hypotheses may be given as,

TE |ϕ ∼


N

σ 2

ν ,
σE0

N


H0

N


σ 2

ν + |ϕ|
2wH

o Rsswo,
σE2(ϕ)

N


H1

(50)

where σE2(ϕ) is the test statistic variance under the
alternate hypothesis, and using a procedure similar to the
one described above can be shown to be upper bounded as,

σ 2
E2(ϕ) ≤

σ 4
ν

N
ML(1 + 2|ϕ|

2γiML). (51)

The probability of detection for a given channel realization
will therefore become,

Pd|ϕ = Q


√
N

λ − (σ 2
ν + |ϕ|

2wH
o Rsswo)

σE2(ϕ)


. (52)

The overall probability of error for a fading channel can be
found by averaging this over all the channel realizations as,

Pd = Eϕ


Q


√
N

λ − (σ 2
ν + |ϕ|

2wH
o Rsswo)

σE2(ϕ)


. (53)

However, it is not possible to evaluate the above expres-
sion in a closed form and hence this should be evaluated
numerically. This is done by first using Eq. (51) to calculate
the test statistic variance for a given channel along with
a detection threshold determined using Eq. (37), and then
using these to calculate the corresponding probability of
detection for the given channel realization using Eq. (52).
The overall probability of detection is determined by av-
eraging the detection probabilities obtained using Eq. (52)
over 1000 realizations of the channel. The channel consid-
ered here is a single tap (flat) fading channel, for a discus-
sion on the performance of FRESH filter based spectrum
sensing under dispersive fading channels, the interested
reader is referred to our related work in [29].
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Fig. 8. Performance of a FRESH filter based energy detector for a Rayleigh
fading channel.

The simulation setup used is similar to the one used for
AWGN channels, with the primary user signal being mul-
tiplied with a zero mean unit variance complex Gaussian
random variable to incorporate the effect of Rayleigh fad-
ing. The faded signal is then multiplied with a binary ran-
dom variable before the addition of noise. The noisy signal
is then fed to a spectrum sensor for processing. The false
alarm rate in cases is fixed at 1% and the detection thresh-
olds are calculated using 1000 independent trials for opti-
mal filterweights and5000 trials for adapted filterweights.
The performance of these detectors is verified using 2000
independent trials for optimal filter weights and 10000 in-
dependent trials for adapted filter weights.

The performance improvement caused in an energy
detector by different configurations of the FRESH filter is
plotted in Fig. 8. The simulated results are observed to
closely follow their predicted values, and increasing the
FRESH filter length from 1 to 4 results in a gain of nearly
6 dB for a detection rate of 90%. Therefore, the performance
enhancement obtained by the use of FRESH filtering a
signal prior to energy detection remains un-altered over
fading channels.

3.4. Analysis of computational complexity

Here we analyze the computational complexity of the
proposed spectrum sensing structure forM frequency shift
branches containing L delay taps each using N collected
samples. The spectrum sensing procedure can be divided
into three parts, adaptation, filtering and test statistic com-
putation. It may be found by inspection that the computa-
tional complexity for each iteration in the adaptation stage
isO((ML)2) in case of the FRESH-RLS algorithmbeing used,
andO(ML) for the FRESH-LMSalgorithmbeingused.Hence
for N samples the computational complexities of the stage
are O(N(ML)2) and O(NML) respectively for the RLS and
the LMS algorithms. The filtering stage will require NML
complex multiplications for N samples, hence resulting in
an order of complexity O(NML). The calculation of test
statistic will require N complexmultiplications. Therefore,
the overall order of complexity of an adaptive FRESH filter
based spectrum sensing system will be determined by the
complexity of the adaptation stage and will be O(N(ML)2)
for RLS based adaptation and O(NML) for LMS based adap-
tation. It is important to note here that the system retains
a linear complexity in the number of samples being used,
which is same as for the standard energy detector.

4. The cyclostationarity detector

The finite-time cyclic autocorrelation function of the
filtered signal y[n] at a cyclic frequency η and lag τ for N
samples is defined as,

R̂η
yy[N, τ ] =

1
N − τ

N−1
n=τ

y[n]y∗
[n − τ ]e−j2πηn. (54)

Similarly, the finite-time conjugate cyclic autocorrelation
function at cyclic frequency η and lag τ may be defined as,

R̂η

yy∗ [N, τ ] =
1

N − τ

N−1
n=τ

y[n]y[n − τ ]e−j2πηn. (55)

Depending on the cyclostationary properties of the signal,
either of thesemaybe used as a test statistic. In this section,
only the cyclic autocorrelation function is considered.
Similar steps may be followed to determine the behavior
of the conjugate cyclic autocorrelation function as a test
statistic.

Using the definition of y[n], Eq. (54)may also bewritten
as,

R̂η
yy[τ ] =

1
N − τ

N−1
n=τ

wH
[N]u[n]uH

× [n − τ ]w[N]e−j2πηn. (56)
Again, this may be assumed to have a Gaussian pdf
under both the hypotheses. The characteristics of this
distribution may be obtained in a manner similar to that
of the energy detector. Taking the expectation of Eq. (54)
and considering the independence of the weight (w[N])
and the regression (u[n]) vectors, we have,

E

R̂η
yy[N, τ ]


=

1
N − τ

N−1
n=τ

E

wH

[N]E

u[n]uH

× [n − τ ]e−j2πηnw[N]

. (57)

It may be shown via simple manipulation that

E[xαp [n]xαq∗[n − τ ]e−j2πηn
] = Rαp−αq+η

xx [n − τ ]. (58)
Note that xα∗

[n] is different from x∗α
[n], where the former

is the conjugate of a frequency shifted version of x[n], while
the latter is the conjugate frequency shifted version of
x[n] such that xα∗

[n] = x∗−α
[n]. Consequently, the cyclic

autocorrelation matrix at cyclic frequency αp −αq +η and
lag τ may be written as,

Rαp−αq+η
xx [τ ] = E[xαp [n]xαqH [n − τ ]e−j2πηn

]. (59)
In view of this, the block cyclic correlation matrix of the
regression vector Rη

uu[τ ] at cyclic frequency η and lag τ
may be defined as,
Rη

uu[τ ] = E

u[n]uH

[n − τ ]e−j2πηn
=


Rη
xx[τ ] · · · R

α1+βM2+η

xx [τ ]

...
. . .

...

R
−βM2−α1+η

ss [τ ] · · · Rη
ss[τ ]

 . (60)
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Therefore,

E

R̂η
yy[τ ]


= E


wH

[N]Rη
uu[τ ]w[N]


. (61)

If there exist αp, αq ∈ {A ∪ −B}, such that η = αp − αq,
then Rη+αp−αq

xx [τ ] = Rxx[τ ]. In this case for, τ < L, the
matrix Rxx[τ ] will contain the term Rxx[0]. This will result
in the mean of the test statistic being dependent on the
ambient noise variance, which in turn will deteriorate the
detector performance when the value of the ambient noise
variance is uncertain. Hence, the choice of A, B and η
becomes important. Now, in the absence of the primary
signal and due to the whiteness and stationarity of the
noise, Rη

νν[τ ] = O, with O being a null matrix having the
same dimensions as Rη

νν[τ ]. Therefore,

E

R̂η
yy[N, τ ]|H0


= 0 (62)

whereas, under the alternate hypothesis H1, this becomes

E

R̂η
yy[N, τ ]|H1


= wH

o Rη
sswo + tr(Rη

ss[τ ]Q[N]) (63)

where Q[N] is as defined in Eq. (19). It may be noted that
the matrix Rη

ss[τ ] is not Hermitian and hence the term
wH

o Rη
ss[τ ]wo will in general be complex-valued andmay be

written in the form

wH
o Rη

ss[τ ]wo = ξejφ (64)

similar to the finite-time energy detector. The variance of
R̂η
yy[N, τ ], under the two hypotheses, may be expressed as

σ 4
ν

N − τ
≤ var


R̂η
yy[N, τ ]|H0


=

σ 2
C0

N − τ
≤ ML

σ 4
ν

N − τ
(65)

var

R̂η
yy[N, τ ]|H1


=

σ 2
C1

N − τ

≤
σ 4

ν

N − τ
ML(1 + 2γiML). (66)

The distribution of R̂η
yy[N, τ ] under the two hypotheses

may therefore be written as,

R̂η
yy[N, τ ] ∼


Nc


0,

σ 2
C0

N − τ


H0

Nc


ξejφ,

σ 2
C1

N − τ


H1.

(67)

The phase φ in the term ξejφ depends on the correlation
structure of the primary user signal. If φ is known, then
ℜ{R̂η

yy[N, τ ]e−jφ
}will have a real positivemeanwhichmay

be used as a test statistic for the detection of the primary
signal, as follows

ℜ{R̂η
yy[N, τ ]e−jφ

} ∼


N


0,

σ 2
C0

2(N − τ)


H0

N


ξ,

σ 2
C1

2(N − τ)


H1.

(68)
For a detection threshold λ, the probabilities of detection
and false alarm may, respectively, be expressed as,

Pd = Q
√

2(N − τ)(λ − ξ)

σC1


(69)

Pfa = Q
√

2(N − τ)λ

σC0


. (70)

The threshold for a constant false alarm rate therefore is
derived as,

λ =
σC0Q

−1(Pfa)
√
2(N − τ)

. (71)

Based on this, the number of samples required to obtain a
desired detection rate is obtained as,

N = τ +
1
2


σC0Q

−1(Pfa) − σC1Q
−1(Pd)

ξ

2

. (72)

However, in the absence of the knowledge of φ, the
absolute value of the finite-time cyclic autocorrelation
function may be used as the test statistic which will be
distributed as,

|R̂η
yy[N, τ ]| ∼


Rice


0,

σC0
√
N − τ


H0

Rice


ξ,
σC1

√
N − τ


H1.

(73)

The false alarm rate for a given detection threshold λ for
this test statistic will be,

Pfa = e
−

(N−τ)λ2

σ2
C0 . (74)

This may be used to determine the threshold to achieve a
given false alarm rate. However, a closed form expression
is not available for its cumulative distribution function. The
performance of this detectormust therefore be determined
via simulation. The robustness of this detector to the
uncertainty in the noise variance is shown in Section 5.

4.1. Evaluation of variances

Similar to the case of energy detector discussed in the
previous section, the primary user signal here is considered
to be BPSK modulated with a data rate (fb) 10 kilobits
per second, a carrier frequency (fc) 100 kHz, and sampled
at 1 MHz. The FRESH filter structure is also assumed
to be similar to the one used for energy detector. Here,
the conjugate cyclic autocorrelation function at twice the
carrier frequency is used for detection. It is assumed that
the phase of the resultant cyclic autocorrelation function
is known. Following this, the test statistic ℜ{R̂η

yy∗e
jφ

} is
calculated under both the hypotheses, for different filter
lengths and different noise variances. Similar to the energy
detector, 10 000 independent test statistics are generated
for each possible case. Using these, the parameters for the
distribution of ℜ{R̂η

yy∗e
jφ

} are determined via curve fitting.
The variance of the test statistics across all the cases is
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Fig. 9. Comparison of predicted and actual performances of a FRESH filter
based cyclostationary detector for different filter lengths.

again found to be inversely proportional to the number of
samples used.

It is again found that the variance under the null hy-
pothesis needs to be determined empirically, whereas that
under the alternate hypothesis may be approximated by
the upper bound. Considering the logarithmic approxima-
tion, the constants c1 and c2 are found out to be c1 =

0.1754 and c2 = 0.901. Taking the functional form of the
variance of the cyclostationarity detector similar to series
summation described in the previous section, the factor c3
is found out to be approximately 1.55.

4.2. Performance evaluation

The experimental setup is similar to the one used in
the case of energy detector. Here, the variances of the test
statistics under the two hypotheses may be determined
as described in the previous section. Following this, Eq.
(70) is used to determine the detection threshold for a
false alarm rate of 1% and Eq. (69) is used to determine
the corresponding probability of detection. In simulation-
based experiments involving the knowledge of optimal
filter weights at the spectrum sensor 1000 independent
trials with the primary signal absent are used to determine
thedetection thresholds and2000 independent trials being
used for the determination of the detection performance.
Whereas for adapted filter weights, 5000 independent
trials are used to determine the detection thresholds
and 10000 independent trials for determination of the
detection performance. The number of samples to evaluate
the detection performance is again fixed at 500.

Fig. 9 compares the predicted detection performance
obtained using Eq. (69) with the simulation results for
different filter lengths at different SNRs, when the phase
of the primary user cyclic autocorrelation function and
the optimal filter weights are known. It is again observed
that the simulation results closely follow the predicted
behavior.Moreover, in this case aswell, a gain ofmore than
8 dB is achieved by increasing the FRESH filter length from
1 to 16.

The effect of the knowledge of the phase of the cyclic
autocorrelation function of the primary signal component
in the filtered signal is studied in Fig. 10. The figure
plots the performances under different cases for an 8-
tap FRESH filter-based spectrum sensor. It is seen that
Fig. 10. Comparison of performances of an 8 tap FRESH filter based
cyclostationary detector under different cases.

Fig. 11. Number of samples required to achieve a 90% detection rate in a
cyclostationary detector based spectrum sensor.

with the optimal weights being known, the performance
of the spectrum sensor is marginally improved due to
the knowledge of the phase of the cyclic autocorrelation
function. However, there is no visible effect of this
knowledge when adapted weights are used.

The number of samples required to achieve a 90%
detection rate for different cases is plotted in Fig. 11.
Similar to the energy detector, the number of samples
required for a 90% detection rate reduces by approximately
two orders of magnitude as the filter length is increased
from 1 to 32, when the knowledge of optimal FRESH
filter weights is available at the spectrum sensor. Also, the
number of samples required to achieve a detection rate of
90% reduces by more than one order of magnitude as the
length of the FRESH filter is increased from 1 to 32 with
adapted filter weights.

4.3. Analysis of computational complexity

The FRESH filter based cyclostationarity detector may
also be seen as consisting of adaptation, filtering, and test
statistic calculation stages. Since the adaptation and filter-
ing stages are same as their counterparts discussed in the
previous section, therefore, their computational complex-
ities also remain the same. Looking at the computation, it
is observed that the computation of the cyclic autocorrela-
tion function at each lag and cyclic frequency will require,
2N complexmultiplications. Therefore, the overall compu-
tation of test statistic will require 2ATN complex multipli-
cations for A cyclic frequencies and T lags. Therefore, the
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FRESH filter based cyclostationarity detector also has a lin-
ear complexity in the number of samples being used.

5. Performance in the presence of impairments

5.1. Noise uncertainty

It may be noted that the statistical properties of both
the test statistics discussed earlier depend on the ambient
noise variance and values of these parameters become
uncertain when there is some uncertainty in the noise
variance. This uncertainty in parameters will, therefore,
have a direct impact on the detection performance of
the spectrum sensor. Consider now that the known noise
variance σ 2

ν is an estimate of the true noise variance σ 2
0 .

If the noise component of the average input SNR has an
uncertainty of ρdB dB then the noise variance estimatemay
be said to have an uncertainty by a factor ρ > 1. The noise
variance estimate (σ 2

ν ) may be thought of as uniformly

distributed in the interval


1
ρ
σ 2
0 , ρσ 2

0


[25], where σ 2

0 is
the true ambient noise variance.

Considering the worst case scenario, i.e. σ 2
ν = ρσ 2

0 in
the absence of the primary signal and σ 2

ν =
1
ρ
σ 2
0 when it is

present, the statistics of an energy detectormay bewritten
as,

TE ∼


N


ρσ 2

0 ,
ρ2σ 4

0 (1 + g0(M, L))2

N


H0

N


σ 2
0

ρ
+ wH

o Rsswo,
σ 4
0ML(1 + 2γiML)

ρ2N


H1.

(75)

From these, the number of samples required to achieve a
given detection performance may be obtained as,

N =




(ML(1+2γiML))1/2

ρ
Q−1(PD) − Q−1(Pfa)(ρ(1 + g0(M, L)))




ρ −
1
ρ

−
wH

o Rsswo
σ 2
0




2

.

(76)

The number of samples N tends to infinity as the term
wH

o Rsswo
σ 2
0

tends to

ρ −

1
ρ


. Therefore, the phenomenon of

SNR walls, for energy detector as described in [25], also
exists in this case. As reported in [25], the phenomenon
of SNR walls occurs in a standard energy detector if γi →
ρ −

1
ρ


. However, if the FRESH filter gain, as defined in

Section 3, is greater than unity, then the FRESH filter-based
spectrum sensor will work for input SNRs smaller than
ρ −

1
ρ


. In other words, it may be stated that the use of

FRESH filters lowers the SNR wall.
Similarly, the statistics of a cyclostationary detector

with the phase φ known, may be written as,

ℜ{R̂η
yy[N, τ ]e−jφ

}

∼


N


0,

ρ2σ 4
0 (1 + g2(M, L))2

2(N − τ)


H0

N


wH

o Rα
ss[τ ]wo,

σ 4
0ML(1 + 2γiML)

ρ2(N − τ)


H1.

(77)
The number of samples required to achieve a desired
detection performance, hence, takes the form

N = τ +
1
2

×

σ 2
0 (1 + g2(M, L)) −

σ 2
0 (ML(1+2γiML))1/2

ρ
Q−1(PD)

ξ

2

.

(78)

It may be seen that, in this case also the number of samples
required to achieve a desired performancewill increase but
will not tend to infinity as in the case of an energy detector.

5.2. Cyclic frequency offset

In the previous sections, it is assumed that the
spectrum sensing system possesses perfect knowledge of
the cyclostationary frequencies of the signal of interest.
However, this may not be always true. An offset in the
value of the known cyclic frequency may be caused due
to the channel conditions or due to offsets in the sampling
clock [17]. It has been shown earlier that CFO causes severe
degradation in the performance of cyclostationarity based
spectrum sensors [17,30]. Therefore, while considering a
cyclostationarity based system such as a FRESH filter, it
becomes necessary to look into the effects of CFO on it.

In the proposed setup, CFO may be present in the filter
weight adaptation stage for both of the sensing techniques
discussed earlier. Apart from this, the frequency η for a
cyclostationary detector may also be incorrectly known. In
this paper, the effects of CFO are considered only in the
adaptation stage, as this problem is specific to FRESH filter
based spectrum sensing. Here, a FRESH filter with a single
frequency shift branch at a cyclic frequency α different
from the true cyclic frequencyα0 by a randomoffset∆ such
that α = α0 + ∆ is considered.

It may be observed that the noise being considered is
wide sense stationary and the optimalweight vector under
the null hypothesis is always a null vector. Hence, the
behavior of the test statistics under the null hypothesis
remains the same, irrespective of the presence of CFO.

Under the alternate hypothesis, as neither the primary
signal nor the noise component exhibit cyclostationarity
at α, therefore the weight vector w[N] should ideally
converge to a null vector. However, due to the adaptive
nature of the weights there will always be a finite amount
of misadjustment in weights. Since the accumulated error
in the weight vector is the sum of a large number of
terms, it may be assumed to be Gaussian. Also, because
∥w[N]∥ = 1, the weight vector w[N] may be assumed to
be distributed as,

w[N] ∼ Nc (0,Q[N]) (79)

where tr(Q[N]) = 1.
Considering the energy detector, the mean of the test

statistic under H1 is given as,

E[TE] = σ 2
ν + E[wH

[N]Rssw[N]]. (80)

It may be noted that the second term will be a positive
real number as the matrix Rss is positive definite. Also, Rss



30 R. Chopra et al. / Physical Communication 20 (2016) 17–32
Fig. 12. Number of samples required to achieve a 90% detection rate in
an energy detector under noise uncertainty.

being Hermitian may be written in the form Rss = PDPH .
Therefore,

E[wH
[N]Rssw[N]] = E


L

l=1

dl|w̄l[N]|
2


(81)

where dl is the lth eigenvalue of Rss and w̄l[N] is the
lth element of w̄[N] such that w̄[N] = PHw[N]. The
summation depends on the behavior of the filter weights
and is indeterminable analytically. Accordingly, both the
mean and the variance of the test statistics under the
alternative hypothesis are indeterminable. Consequently,
the performance of this detector can only be determined
via simulation.

For a cyclostationarity detector the mean of the finite
time cyclic autocorrelation function under the alternate
hypothesis is given as,

E

R̂η
yy[τ ]


= E


wH

[N]Rη
ss[τ ]w[N]


. (82)

Here, the matrix Rss is not Hermitian and w[N] is random.
Therefore the entire term inside the expectation will have
a random phase. It is therefore not possible to use the
knowledge of the phase as a part of the test statistic.
Consequently, the absolute value of the finite time cyclic
autocorrelation function should be used as a test statistic.
The performance of this detector is again determined via
simulation.

5.3. Simulation based performance evaluation

The performance of FRESH filter based spectrum
sensors in the presence of noise uncertainty is presented in
Figs. 12 and 13. In Fig. 12, the solid lines plot the number of
samples required to achieve a detection rate of 90% under
±1 dB noise uncertainty for different filter lengths. The
dotted lines depict the values of input SNRs, as predicted
by Eq. (76), at which an SNR wall exists for the given filter
lengths. It may be seen that increasing the FRESH filter
length from 1 to 32 lowers the SNR wall by approximately
14 dB, thereby making the energy detector more robust to
noise uncertainty.

The performance comparison of a cyclostationary de-
tector and an energy detector for different number of sam-
ples and filter lengths under noise uncertainty is shown in
Fig. 13. It may be observed that in the presence of noise un-
certainty, an increase in the number of samples improves
Fig. 13. Performance of the energy detector and the cyclostationary
detector in the presence of ±1 dB noise uncertainty.

Fig. 14. Performance of the energy detector in the presence of 1% CFO for
different FRESH filter lengths.

Fig. 15. Performance of the cyclostationarity detector in the presence of
1% CFO for different FRESH filter lengths.

the performance of a cyclostationary detector, whereas the
performance of the energy detector is largely unaffected.
However, an increase in the filter length still improves the
detection performance of the energy detector.

The performance of the energy detector for different
FRESH filter lengths with a CFO 1% of the true cyclic
frequency is shown in Fig. 14. It may be observed on
comparing with Fig. 5 that the detection performance is
severely degraded due to the presence of CFO. Nonetheless,
it is observed that an increase in the filter length improves
the detection performance. The performance of the
cyclostationary detector in the presence of CFO is shown
in Fig. 15. Here also it is observed that an increase in the
FRESH filter length improves the detection performance.
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6. Conclusion and future work

The performance enhancement achievable in spectrum
sensors by the use of FRESH filtering is studied in this
paper. It is shown quasi analytically that the use of a
FRESH filter improves the detection performance of both
the energy detector and the cyclostationary detector. It is
also shown that the increase in filter length, in general,
improves the detection performance of the spectrum
sensor. It has been shown that in the presence of the
knowledge of the primary user correlation structure, the
number of samples required to achieve a given detection
performance may be reduced by around 99%. It is also
shown that if the exact correlation structure is not known
in practice, then the required number of samples may
still be reduced by one order of magnitude. This results
in smaller sensing times thereby increasing the secondary
user throughput. Here, empirical and simulation results are
derived only for BPSK signals, this can be extended to other
modulation classes as well.

Apart from this, the performance of the FRESH filter
based spectrum sensor under impairments has been
studied. It has been found that the use of FRESH filtering
may lower the SNR wall arising due to noise uncertainty
by as much as 14 dB. The effect of CFO on the performance
of a FRESH filter based spectrum sensor is studied and it is
observed that the correct knowledge of cyclic frequencies
of the primary signal are important to the functioning
of such a system. Compensation of the performance
deterioration introduced due to an offset in the true cyclic
frequency of the system may be a future direction of
work.
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