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Abstract—In this paper, we consider the problem of spectrum
sensing in cognitive radio for OFDM signals using correlated
pilots. The pilot correlation is exploited to detect the presence
of a primary signal based on its cyclostationary properties. The
performance of such detector relies on the exact value of the
cyclostationary frequency of the signal of interest. However, in
actual cases an offset may be caused in the cyclic frequency due
to various reasons. Therefore there is a need to estimate the cyclic
frequency offset in case of cyclostationary spectrum sensing for
OFDM signals. In this paper, an iterative method to estimate and
compensate the Cyclic Frequency Offset (CFO) is proposed and
evaluated using simulations.

Index Terms—Spectrum Sensing, Cognitive Radio, Cyclosta-
tionarity, Cyclic Frequency Offset, Cyclic Autocorrelation

I. INTRODUCTION

A major challenge in spectrum sensing for cognitive radio is
to detect the presence of weak primary user signals embedded
in noise. The simplest approach to this, is the use of an energy
detector. This approach, though simple, is susceptible to the
phenomenon of SNR walls under noise uncertainty [1]. Hence
it is desired that certain features of the primary signal that are
absent in the channel noise be used. In case of an OFDM
modulated primary signal, feature detection based approaches
may be classified into three sub groups. Detecting the features
introduced due to the Cyclic Prefix (CP), artificially introduc-
ing certain properties within the OFDM symbol to ease its
detection [2], [3] and methods exploiting the properties of the
pilot subcarriers contained within the OFDM symbol [4]–[6].

The detector considered in this paper is based on the third
approach. The time and frequency correlation introduced in
the OFDM signal due to the pilot subcarriers distinguish it
from channel noise, and hence may be used to sense its
presence. Previous works in this direction have used the
periodicity in the autocorrelation function [4], [6] and the
cyclic spectral density [5] of the received signal for detection
of the primary signal. The test statistic proposed in this
paper uses the values of the finite time cyclic autocorrelation
function of the received signal at different lags and cyclic
frequencies, as used in [7]–[9] for detection of cyclostationary
signals. However, the performance of such detectors is highly
dependent on the correct knowledge of the value of cyclic

frequency. Unfortunately, the cyclic frequency known to the
cognitive receiver and the actual cyclic frequency at which the
primary signal embedded in noise exhibits cyclostationarity
may differ due to the Doppler shifts in the channel, the
inexactness of the knowledge of the carrier frequency of the
primary user signal or due to an offset in the sampling clock
at the receiver [5], [10], [11]. This difference is known as
the cyclic frequency offset (CFO). The effects of CFO on
cyclostationarity based spectrum sensing systems have been
derived in [11], and a technique for circumventing these effects
has been proposed therein. This technique splits the entire
signal into smaller blocks and computes the test statistics for
individual blocks. Finally, the average of these test statistics
over all the blocks is used as the decision statistic. However, as
discussed in Section III below, this method limits the number
of features that can be used for sensing the signal, thereby
compromising with the performance of the cyclostationary
detector. In this paper, we propose a scheme to estimate the
CFO and subsequently compensate for the same. Unlike the
method in [11], the proposed technique uses all the available
samples in a single window thereby preserving all the features.
This is particularly useful in cases of weak signals with very
low SNRs. This is describe in Section IV along with simulation
results in Section V showing the performance of the CFO
estimator.

II. THE SIGNAL AND SENSING MODELS

A. The OFDM Signal Model

Assume that for the transmitted OFDM signal, the length of
a data symbol is Nd. The signal contains Np pilot subcarriers
at uniformly spaced fixed locations given by the index set Π.
It is also assumed that the values of the pilots remain fixed,
given as

p[l] =
�

Ese
jθl (1)

for the pilot at location l, where Es is the average subcarrier
energy of the OFDM symbol. Further, as in [5], it is assumed
that there exists some correlation between pilot symbols which
is purely a function of the difference in pilot locations, i.e.

�pk[l]p
∗

k[m]�
∞

= Ese
jθl−m (2)
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Here the operator �.�T represents averaging over T samples.
The frequency domain OFDM symbol is then mapped to the
time domain by the use of IDFT. Following this, a cyclic prefix
of length Nc is added to the OFDM symbol resulting in an
overall OFDM symbol length N = Nc+Nd. The signal (x[n])
being transmitted at the nth instant may therefore be thought
of as consisting of two components such that

x[n] = x
(p)
k [n] + x

(d)
k [n] (3)

where x(p)[n] is the component due to the pilots and x(d)[n]
is the component due to the data being transmitted. It may be
observed that

x
(p)
k [n] =

�

m∈Π

pk[m]e
j2πmn

Nd (4)

and since the positions and values of the pilots remain un-
changed over different symbols we have,

x(p)[n] = x(p)[n+ kN ] (5)

Now considering the symbol x[n] its cyclic autocorrelation
function of the transmitted symbol at cyclic frequency α and
lag τ may be obtained as [12]

Rα
xx[τ ] =

�

x[n]x∗[n]e−j2παn
�

∞
(6)

As the content on the data subcarriers are uncorrelated with
that on the pilot subcarriers the above equation may be
rewritten as

Rα
xx[τ ] = Rα

pp[τ ] +Rα
dd[τ ] (7)

where Rα
pp[τ ] and Rα

dd[τ ] are the cyclic autocorrelation func-
tions of the pilot and data components respectively. If the
contents of the data subcarriers are uncorrelated with each
other then we have

Rα
dd[τ ] =

(Nd −Np)

Nd

Esδ[τ ]δ(α) (8)

where δ[.] and δ(.) represent the Kronecker delta and Dirac
delta functions, respectively. Substituting equations (2), (4) and
(5) in the definition of Rα

pp[τ ], we get

Rα
pp[τ ] =















Np

Nd
Ese

jθα τ = kN

α = N
Nd

(l −m) : l,m ∈ Π

0 otherwise

(9)

B. The Spectrum Sensing Model

For the received signal y[n] the binary hypothesis test at the
spectrum sensor may be written as

y[n] =

�

w[n] H0

x[n] + w[n] H1
(10)

where, w[n] is Additive White Gaussian Noise (AWGN) with
variance σ2, the null hypothesis (H0) denotes the absence
of the primary user signal and the alternate hypothesis (H1)
denotes its presence. Assuming that the sensor acquires M

samples of the signal the finite time approximation of the

cyclic autocorrelation function at cyclic frequency α and lag
τ is defined as

R̂α
yy[M, τ ] = 1

M−τ

�M−1
n=τ y[n]y∗[n− τ ]e−j2παn (11)

Here, the noise is assumed to be wide sense stationary
and uncorrelated with the primary user signal. Therefore, at a
cyclic frequency α �= 0, the value of the estimated cyclic
autocorrelation function under the two hypotheses may be
shown to be

R̂α
yy[M, τ ] =

�

ζ[M − τ ] H0

Rα
pp[τ ] + ξ[M − τ ] H1

(12)

where,
ζ[M ] ∼ Nc

�

0, σ4

M

�

ξ[M ] ∼ Nc

�

0,
(σ2+Rα

pp[τ ])
2

M

� (13)

Thus, the value of the approximate cyclic autocorrelation
function at different lags and different cyclic frequencies can
be used as features to extract the knowledge about the presence
of the primary user. A log-likelihood detector, similar to the
one used in [6], may be constructed here to optimally detect
the presence of primary signal. However, this will require
knowledge of the values of the primary signal and noise
variances, as well as that of the cyclic autocorrelation function
which may not be always available. We, therefore, employ a
detector based on the Neyman-Pearson criterion that uses a
linear combination of the values of the cyclic autocorrelation
function at different lags and frequencies as the test statistic.
The detection threshold in the proposed detector for a given
probability of false alarm is determined via simulation.

It is evident from (13) that the variance of the error caused
due to a finite number of samples is inversely proportional to
the number of samples used for averaging, which equals the
difference between the total number of available samples and
the lag. Accordingly, the test statistic based on the optimal
linear combiner for the given signal may be shown to be

T =
�

α∈A

K−1
�

k=0

√
M − kN(R̂α

yy[kN ]) (14)

where A is the set of cyclic frequencies under consideration
and K =

�

M
N

�

is the total number of complete OFDM
symbols received.

III. THE EFFECTS OF CYCLIC FREQUENCY OFFSET

For a cyclostationary signal x[n], the finite time approxima-
tion of the cyclic autocorrelation function, as defined in (11),
may be written in the form

R̂α
xx[M, τ ] =

�

1
M−τ

x[n]x∗[n− τ ]

(u[n− τ ]− u[n−M + 1])e−j2παn
�

∞

=
�

1
M−τ

x[n]x∗[n− τ ]e−j2παn
�

∞

∗
�

(u[n− τ ]− u[n−M + 1])e−j2παn
�

∞

= Rα
xx[τ ] ∗

�

ejπα(M−τ−1) sin(π(M−τ)α)
(M−τ) sin(πα)

�

(15)



where ∗ denotes the convolution operation. Now if the signal
x[n] exhibits cyclostationarity for a discrete set of frequencies
contained within the set Γ, then its cyclic autocorrelation
function may be written as

Rα
xx[τ ] =

�

γ∈Γ

Rγ
xx[τ ]δ(α− γ) (16)

Hence, the finite time estimate of its cyclic autocorrelation
function may be rewritten as

R̂α
xx[M, τ ] =

�

γ∈Γ
Rγ

xx[τ ]e
−jπ(α−γ)(M−τ−1)

sin(π(M−τ)(α−γ))
(M−τ) sin(π(α−γ))

(17)

Now, if α = αm +∆ for αm ∈ Γ and a CFO ∆, then (17)
will take the form

R̂α
xx[M, τ ] =

�

γ∈Γ
Rαm

xx [τ ]e−jπ∆(M−τ−1)

sin(π(M−τ)∆)
(M−τ) sin(π∆)

+
�

γ∈Γ,γ �=αm
Rγ

xx[τ ]e
−jπ(α−γ)(M−τ−1)

sin(π(M−τ)(α−γ))
(M−τ) sin(π(α−γ))

(18)
Ignoring the second term for small ∆ we get

R̂α
xx[M, τ ] ≈

�

γ∈Γ

Rαm
xx [τ ]ejπ∆(M−τ−1) sin(π(M − τ)∆)

(M − τ) sin(π∆)

(19)
As the rate of decay of the value of sin(M∆)

sin(∆) w.r.t. ∆ increases
with M , the performance of the detector using the above
mentioned test statistic deteriorates as the number of samples
increases for a CFO. A method to circumvent this problem
has been proposed by Rebeiz et. al. in [11]. Their method
involves splitting the received data (M samples) into P non-
overlapping blocks of length L each (PL ≤ M ). The cyclic
autocorrelation approximate is then calculated separately for
each block followed by averaging over all blocks, as given
below.

Řα
xx[τ ] =

1

P

P−1
�

i=0

1

L− τ

(i+1)L−1
�

n=iL+τ

x[n]x∗[n− τ ]e−j2πα((n))L

(20)
where ((.))L is the modulo L operator

It may be noted that the method requires a trade off between
the values of L and P so as to optimize the performance
of the detector in [11]. Also, it may be observed that here
τ < L, thereby limiting the number of features that can be
used for sensing the signal. Since the test statistic of the
cyclostationary detector generally involves the use of a large
number of features, its performance is compromised when the
number of features used is reduced. This necessitates to devise
methods to compensate for the cyclic frequency offset while
preserving the total number of features being used.

IV. PROPOSED METHOD FOR CORRECTING THE CFO

The effect of CFO on the performance of cyclic autocor-
relation based detector may be compensated for if the value
of the cyclic frequency can be estimated from the received
samples and included in to the calculation of the test statistics

for primary user detection. Approaches towards improving the
performance of cyclostationary adaptive strutures by compen-
sating for the CFO have been reported earlier in [10], [13],
[14].

The M received symbols containing K OFDM symbols are
used to estimate the cyclic autocorrelation function R̂α

yy[kN ]
for k = {0, 2, . . .K}. The finite time estimate of the cyclic
autocorrelation function of the received signal y[n] (as de-
scribed in Section II), for M samples, at a lag kN and cyclic
frequency α = αm + ∆ (where αm is the original cyclic
frequency of interest and ∆ is the error in cyclic frequency)
may be written as

R̂α
yy[M,kN ] = ηej2πθαm g(∆,M − kN) + ξ[M − kN ] (21)

where η =
Np

Nd
Es, g(∆,M) = e−jπ∆(M−1) sin(π(M)∆)

M sin(π∆) and
ξ[M ] is as defined in (13). The probability density function
(pdf) of R̂α

yy[M, τ ] may be approximated using the central
limit theorem as

p
�

R̂α
yy[M,kN ]

�

�η, θα,∆α
�

=
1

2πν2M−kN

e
−

�

R̂α
yy [M,kN]−ηejθαg(∆,M)

νM−kN

�2

(22)

The pdf of r = R̂α
yy[M, 0], R̂α

yy[M,N ], . . . , R̂α
yy[M,KN ] may

then be written as

p(r|η, θα,∆α) =

K
�

k=0

1

2πν2M−kN

e
−

�

R̂α
yy [M,kN]−ηejθαg(∆,M)

νM−kN

�2

(23)
where νM = var (ξ[M ]). Using this and following the
procedure in [15] it may be shown that the Cramer-Rao lower
bound on the variance of the estimate of the CFO (∆̂) is

var(∆̂) ≥ σ4
w sin2(π∆)

η2π2K
�

M − (K+1)N
2

� (24)

The situation considered in deriving the lower bound in (24)
assumes that all the parameters of the signal except the CFO
are known. Consequently, the lower bound given in (24) turns
out to be the lower bound for all cases. Since the variance
of the CFO estimate in all other cases will be larger it is
observed that the minimum variance achievable in estimating
∆̂ depends on the value of the ∆. That is, to minimize the
variance of ∆̂ it is necessary to minimize ∆. Also, a trade-off
is needed in the choice of the number of signal samples (M )
used for CFO estimation. A small value of M will provide
a wide search window for cyclic frequencies, but at the cost
of an erroneous result due to larger noise components and
smaller number of features. On the other hand, a large value
of M will correspond to a large number of features and less
noise but with smaller search window. In view of these, it is
desired that an iterative procedure be devised to estimate ∆.

However, it may be noted that to estimate ∆̂ in each step
of the iterative procedure, the first derivative of the log of
the pdf of r does not satisfy the condition for the existence
of an optimal estimator [15]. Therefore, an estimator that



satisfies the CRLB may not be available directly and hence
other estimators for ∆̂ should be devised. Accordingly, it may
be a good option to optimize ∆̂ by using brute force search
over its different values. In case all parameters except the CFO
are known, the optimal value of ∆̂ will be the one maximizing
(23). This is equivalent to finding the value of ∆̂ that satisfies
the following.

∆̂O1 = argminα̂

�

�K−1
k=0

√
M − kN

�

Rα̂
yy[kN,M ]

−ηejθαm

�

�

(25)
Further, in case η is not known then the optimal estimate for
α satisfies

∆̂O2 = argmax
α̂

�

�
�K−1

�

k=0

√
M − kN

�

Rα̂
yy[kN,M ]e−jθα

�

��

(26)

and in case neither η nor θαm
are known then the optimal α̂

satisfies

∆̂O3 = argmax
α̂

�

�

�

�

�

K−1
�

k=0

√
M − kN

�

Rα̂
yy[kN,M ]

�

�

�

�

�

�

(27)

Based on this and following an approach similar to that in
[13], the iterative procedure for finding optimum α̂ may be
summarized as follows.

1) Split the received sample set of size M into smaller
sample blocks of size L each.

2) Initialize:
• The number of sample blocks B to be considered

for the initial estimate of α̂ let the total sample size
so considered be denoted as Q1 = BL

• The centre of the cyclic frequency search window
γ1 = α

• The iteration counter q = 1

3) WHILE (Qq < M )
Define

• The number of lags to be considered Kq =
�

Qq

N

�

• The width of the cyclic frequency search window
Wq =

Qq

N

Split the search window from −Wq to Wq into a fixed
number of search points (P ) for ∆̂ and based on the
information about η and θαm

, find ∆̂O satisfying (25),
(26) or (27).
Update

• Qq+1 = Qq + L

• γq+1 = γq + ∆̂O

• q = q + 1

4) The cyclic frequency to be used for sensing is set to the
estimate γq obtained in the last step of the iterations

V. SIMULATION RESULTS

For the purpose of simulation, we used randomly generated
signals with Nd = 2048, Nc = Nd

8 = 256 and Np = 256
pilots with the kth pilot being

√
Ese

j π
4 k. The primary signal

variance was kept constant at unity while the input SNR was
varied by varying the additive noise power. It is assumed
that the spectrum sensor collects samples at a rate of 9MHz
and a sampling time of 5ms resulting in a sample length
of 45000, except in the case of the third experiment where
the sensing time was varied from 1.5 to 5 ms. From the
signal model, it is evident that the primary user signal exhibits
cyclostationarity at cyclic frequencies that are multiples of the
inter-pilot spacing α0. The cyclic frequencies ±α0 were used
for the purpose of detecting the presence of a primary user,
but only the cyclic frequency α0 was used to compensate for
the cyclic frequency offset.

In all the experiments, the actual value of the cyclic fre-
quency of the received signal was estimated according to
the algorithm described above. This estimate of the cyclic
frequency was then used to calculate the test statistic as
in (11) which was subsequently compared against a threshold
obtained via simulation carried out to determine the presence
of a primary signal. The performance of the spectrum sensor
was evaluated in terms of the probability of detection of the
primary signal and was compared against the performance of
the method given in [11]. The block length for the purpose of
estimating the short term cyclic autocorrelation function was
kept fixed at the OFDM symbol length (N ).

Fig. 1 illustrates the performance of the proposed detector
at different SNRs in the range −20 dB to 0 dB for a fixed false
alarm rate of 0.01 and cyclic frequency offset of 1% of the
inter-pilot spacing. The dashed curve, depicts the performance
of the proposed detector in the absence of any error. This may
be considered as an upper bound on the performance of any
algorithm trying to circumvent the effects of cyclic frequency
offset and the performance of any CFO estimation algorithm
may be determined in reference to this. We observe that for
a detection rate of 0.9 the proposed method outperforms the
method presented in [11] by more than 2 dB. It is also observed
that the detection rate offered by the proposed algorithms is
higher at low SNRs. Also, the detector performs best when it
has has only the knowledge of θα.

In Fig. 2, we compare the performance of different detectors
for different values of the cyclic frequency offset. The false
alarm rate was again fixed at 0.01 while the SNR was kept
constant at −12 dB. One thousand independent Monte-Carlo
trials were conducted to calculate the detection probabilities.
It is observed that the proposed technique is more robust to
cyclic frequency offset in comparison to that in [11]. We also
observe that for small values of CFO, the knowledge about
the value of the cyclic autocorrelation function or its phase
is slightly helpful while, for larger offset the best detection
performance is achieved with the blind method for estimation
of the cyclic frequency.

In Fig. 3, the performance of the different methods at



Fig. 1. Performance at different SNRs in the presence of CFO for 45000
samples

Fig. 2. Performance for different values of CFO at −12dB and 45000
samples

an SNR of −12 dB, CFO equals to 1% of the inter pilot
spacing, and a false alarm rate of 0.01 were compared for
different sensing durations. It is again observed that, the best
performance is achieved in case when only the phase of
the cyclic autocorrelation function is known at the spectrum
sensor. Also, it is observed that the performance saturates as
the sensing duration, and hence the number of samples is
increased.

VI. CONCLUSION

The problem of sensing OFDM signals with correlated pi-
lots is considered in this paper. It is shown that a cyclostation-
ary detector operating at multiples of the inter-pilot spacing
of the signal of interest may be used to detect the signal.
Subsequently, the effect of an offset in the cyclostationary
frequency known at the cognitive receiver is studied and it
is shown that a CFO results in performance degradation in the
detector. Further, an increase in the number of samples deterio-
rates the detection performance. The method to compensate the

Fig. 3. Performance for different sensing durations at −12dB

effects of CFO, as given in [11], is studied and is found to be
inadequate at low SNRs where multiple features from the re-
ceived signal are needed. An alternative technique is proposed
in this paper that involves CFO estimation and subsequent
compensation of the same. A bound on its performance is also
presented. Following this, an iterative procedure to estimate
and compensate for the CFO is developed. Simulation results
show that the proposed technique outperforms the method
existing in literature [11] by more than 2 dB for the same
CFO and the same number of samples.
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