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Spectrum Sensing for Cognitive Radios Based
on Space-Time FRESH Filtering
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Abstract—In this paper, we consider the problem of spectrum
sensing of cyclostationary signals for cognitive radios. It is shown
that the detection performance in this case may be improved by
enhancing the cyclostationary features of the signal of interest. The
optimal filter for cyclostationary features is revisited, following
which an adaptive space-time structure exploiting the spatial, tem-
poral and spectral coherence of a cyclostationary signal incident
upon an antenna array is proposed for enhancing the signal. A
low complexity adaptation algorithm for this structure is also
proposed. The performance of this detector is evaluated and com-
pared with standard spectrum sensing methods. Simulation results
show that a suitable space-time FRESH filtering configuration
may be used to yield gains of up to 10 dB over both the standard
energy detector and the traditional cyclostationary detector.

Index Terms—Cognitive radio, cyclosationarity, cyclostationary
spectrum sensing, FRESH filtering, SCORE beamforming, space-
time filtering, spectrum sensing.

I. INTRODUCTION

COGNITIVE radios based on opportunistic spectrum ac-
cess have been found to be a promising solution to the

dual problems of spectrum shortage and underutilization of
certain bands [1]. The model for opportunistic spectrum access
allows Secondary Users (SUs) to opportunistically access and
utilize unused spectrum bands licensed to Primary Users (PUs).
Under this model the SUs sense and then ensure the vacancy of
a spectrum band without any interference to the primary user
[2]. For this purpose, it is essential that the sensitivity of a
secondary user towards a primary signal be more than that of
the primary receiver [3]. It is also desired that the process of
spectrum sensing should be computationally simple and fast so
as to maximize the transmission time for a secondary user.

It may be seen that the problem of spectrum sensing is similar
to a binary hypothesis testing problem with the null hypothesis
corresponding to the absence of a primary user and the alternate
hypothesis to its presence. The most intuitive approach towards
spectrum sensing is the use of a radiometer or the energy
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detector [1]. It measures the energy contained within the band
of interest and compares it against a threshold to detect the
presence of a primary signal. The proper functioning of this
detector requires accurate estimates of signal and noise vari-
ances. Also, at very low SNRs the radiometer may completely
fail if the uncertainty in noise variance estimate at the cognitive
terminal exceeds the primary signal variance, leading to the
phenomenon of SNR walls [4]. Therefore, alternative methods
to sense the spectrum have been developed during the past few
years. The signal of interest, if present, possesses some features
that distinguish it from the noise containing it. To detect a signal
embedded in noise, these features may be used to enhance the
primary signal component within the received signal and then
perform the detection process.

As pointed out by Gardner in [5], most communication
signals exhibit cyclostationarity or spectral coherence. That
is, they are correlated with their time and frequency shifted
versions for certain discrete frequency shifts. This property of
communication signals has been exploited for different pur-
poses including spectrum sensing [6]. Some of the methods that
use cyclostationary property of the primary signal for spectrum
sensing are listed in [7]–[15]. In all these techniques, the values
of cyclic autocorrelation function of the signal at different
cyclic frequencies and lags are used as test statistics to extract
information about its presence.

However, since the signal to be detected is embedded in
noise, the strength of its cyclostationary features will also be
weak. Consequently, it is desired that an optimal filter for
enhancing these cyclostationary signals be designed. In view
of this, Wiener’s result for the optimal filtering of stationary
signals had been extended by Gardner in [16] to develop cyclic
Wiener filtering, also known as optimal FREquency SHift
(FRESH) filtering. Following this, adaptive approaches towards
FRESH filtering had been developed in the past [17], [18].

The cyclostationarity property of signals has also been ex-
ploited in [19]–[21] for the purpose of beamforming in antenna
arrays. These algorithms use the cyclic auto-coherence of the
signal of interest to steer an antenna array in its direction. The
first among these is the Spectral COherence REstoral (SCORE)
class of algorithms presented in [19]. Use of cyclostationary
beamforming for the purpose of spectrum sensing has subse-
quently been considered in [22], where first a beam is formed
based upon the cyclostationary properties of the Signal of
interest (SOI) and then the signal received by the trained array
is subjected to spectrum sensing to detect the presence of a
primary user. GLRT based methods have also been proposed
for multiantenna based spectrum sensing. A few notable works
in this direction are [23]–[25].
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This paper proposes to enhance the cyclic features of a
cyclostationary signal using a generalized Space-Time FRESH
filtering structure, obtained by extending the models presented
in the works cited above. Following this, a lower complexity cy-
clostationarity based beamforming algorithm is also developed
and its spectrum sensing capability is tested. The objective of
the proposed algorithm is to minimize the difference between
the filtered and the reference signal instead of maximizing their
cross correlation, as done in [19], [21]. This enables us to
use a computationally less complex stochastic gradient descent
technique.

Section II gives a brief background on cyclostationarity,
FRESH filtering and SCORE beamforming. Section III de-
tails the signal model, states the equivalent hypotheses of the
spectrum sensing problem for the Space-Time FRESH filtering
structure proposed in this paper and describes a method that
may be used to sense the spectrum. Section IV presents a
lower complexity constrained doubly adaptive LMS (C2LMS)
algorithm for adapting the filter weights and the related spec-
trum sensing method. Simulation results in support of our
proposed Space-Time FRESH filtering for spectrum sensing are
contained in Section V. Finally, the conclusions are drawn in
Section VI.

II. CYCLOSTATIONARITY AND SPECTRAL COHERENCE

A random discrete-time signal x[n] is said to exhibit wide
sense cyclostationarity or conjugate cyclostationarity with a
cyclic frequency α and period N(N = 1/α) when both its
mean μx[n] and autocorrelation function (regular or conjugate)
Rxx(∗) [n, l], where (∗) denotes optional conjugation, exhibit
periodicity in time with the said frequency [5]. By virtue of
this periodicity, the autocorrelation function at lag l and cyclic
frequency α may be expanded in the form of a Fourier series,
with the Fourier series coefficients being

Rα
xx(∗) [l] =

〈
Rxx(∗) [n, l]e−j2παn

〉
(1)

where the 〈.〉 operator represents averaging, as defined in [5] for
the calculation of the limit cyclic autocorrelation function. The
term Rα

xx[l] is called the cyclic autocorrelation function at lag
l and cyclic frequency α. It may be observed that for a signal
not exhibiting cyclostationarity at α, Rα

xx[l] = 0, ∀l. Also, from
the definition of the time averaged autocorrelation function, as
given in [5]

Rα
xx[l] =

〈
x[n]x∗[n− l]e−j2παn

〉
Rα

xx∗ [l] =
〈
x[n]x[n− l]e−j2παn

〉
. (2)

The cyclic autocorrelation function may be interpreted as the
cross-correlation between two frequency shifted versions of the
signal of interest. Hence, it may be seen that any signal ex-
hibiting regular or conjugate cyclostationarity will also exhibit
correlation among its frequency shifted (regular or conjugated)
versions for certain frequencies. All modulated communication
signals have been found to exhibit either of these two forms of
cyclostationarity and hence spectral coherence [5].

On the other hand, it may be seen that if the additive noise
ν[n] in the received signal is assumed to be wide sense station-
ary then Rα

νν [n] = 0, ∀α �= 0. Therefore, the cyclic autocorre-

Fig. 1. Blind adaptive FRESH filtering structure, as proposed in [18].

lation function (regular or conjugate) may be used as a reliable
feature to detect the presence of a primary signal exhibiting
cyclostationarity at a known cyclic frequency. Accordingly,
most of the spectrum sensing methods that are based on the
cyclostationary property of the primary signal adopt the values
of the cyclic autocorrelation function (regular or conjugate) at
different cyclic frequencies and lags as the test statistics [7].
However, the value of the regular or conjugate cyclic autocorre-
lation function in the presence of noise is generally small and so
it is desired that the signal be enhanced based on the properties
of spectral and temporal coherence exhibited by it.

In [16], Gardener has developed the theory of optimal fil-
tering for cyclostationary signals. It is shown that the optimal
linear filter for a cyclostationary signal has a periodically time
varying structure. It is also shown that the output of an Linear
Periodically Time Varying (LPTV) structure may also be ex-
pressed as a sum of the filtered versions of frequency shifted
copies of the original signal. Thus, optimal LPTV filtering
is equivalent to the optimal filtering of the frequency shifted
versions of the signal referred to as optimal FRESH filtering.

A. Optimal FRESH Filtering

If the signal x[n] exhibits regular or conjugate spectral
coherence at one or more cyclic frequencies, then it may be
estimated as a linear combination of its time and frequency
shifted, and conjugated (optional) versions. The task, therefore,
is to find an optimal set of weights that minimizes the difference
between the signal of interest and its estimate. It is shown in
[16] that this problem is similar to the Wiener filtering problem
and has a similar solution. That is, the optimal weight vector
for the given problem is obtained by multiplying the inverse
covariance matrix of the time and frequency shifted version
of the signal with the vector containing the cross-correlation
of the signal and its time and frequency shifted version. In an
adaptive setting, the original signal may be used as a reference
signal to adapt the weight vector to their optimal values. This
leads to the Blind Adaptive FRESH (BA-FRESH) filtering ap-
proach, as described in [18]. The corresponding structure for a
BA-FRESH filter is shown in Fig. 1.
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Fig. 2. Structure for cyclostationary beamforming, as used in [19].

B. SCORE Beamforming

In case of multiple receiving antennas, if a primary signal is
present then the signal received at different antennas will be
correlated. If this signal of interest exhibits cyclostationarity
then the spectral coherence properties of the signal may be used
to form a beam in the direction of interest [19]. A class of cy-
clostationarity based beamforming algorithms is developed in
[19] which is given the name SCORE. The structure employed
in this case is shown in Fig. 2. A recursive version of this Cross
SCORE algorithm has been developed in [21] and named as the
Adaptive Cross SCORE (ACS) algorithm.

The BA-FRESH filter was first employed for the purpose of
detecting a BPSK signal in [17]. The idea of using FRESH
filters to enhance a primary signal to aid the task of spectrum
sensing was proposed in [26], while [22] proposed a spectrum
sensing method that enhanced the primary signal using SCORE
beamforming algorithms. In this paper, we propose to combine
the FRESH filtering and the SCORE beamforming approaches
so as to pool the benefits offered by both the approaches, as
discussed in the following section.

III. PROPOSED SPECTRUM SENSING TECHNIQUE

Consider the structure shown in Fig. 3 where each antenna
output, in addition to being fed to the linear combiner as in
the SCORE beamforming structure, is also fed to an adaptive
FRESH filter. Assume that each FRESH filter incorporates M1

unconjugated and M2 conjugated frequency shift branches.
That is, each FRESH filter has a total of M(= M1 +M2)
FRESH branches with each branch consisting of an FIR filter
containing L delay taps. The number L for each FIR filter
is assumed to be same for simplicity, though this may be
different for different frequency shifts. The maximum value of
L, however, that can be taken is equal to the maximum lag for
which the cyclic autocorrelation function is nonzero and/or is
limited by the maximum feasible system complexity. Further, it
is assumed that the number of frequency shifts that follow each
antenna and their values are same. The associated filter weights
are, however, assumed to be adaptive. If a signal s[n] exhibiting

Fig. 3. Proposed Space-Time FRESH filtering structure.

spectral autocoherence at frequencies α1 . . . αM1
and conjugate

spectral autocoherence at β1 . . . βM2
is incident on this array

from an angle θ, then the output of the kth antenna may be
written as

xk(n) = ak(θ)s(n) + νk(n). (3)

Here ak(θ) is the array response of the kth element for the
incoming signal incident at an angle θ to the normal, and νk[n]
is the additive stationary noise component. Defining

u[n] =
[
uT
1 [n], . . . ,u

T
K [n]

]T
(4)

and

x[n] = [x1[n], . . . , xK [n]]T (5)

where

uk[n] =
[
uT
k1[n], . . . ,u

T
kM [n]

]T
ukm[n] = [ukm[n], . . . , ukm[n− L+ 1]]T

ukm[n] =x
(∗)
k [n]ej2παmn (6)

where

v[n] =wHu[n]

y[n] =hHx[n]. (7)

Here, ukm[n] is the optionally conjugated and frequency shifted
version of the received signal at the kth antenna for the mth
branch. ukm[n] is the vector containing the input to the mth
FRESH branch of the kth antenna. uk[n] is a concatenation
of the inputs to the different FRESH branches of the kth
antenna and u[n] is the overall regression vector being fed to
the adaptation structure. Similarly, x[n] is the reference signal
vector. The weight vectors maximizing the cross-covariance of
the regression and the reference signal vector may be obtained
using the optimal Wiener filtering solution as derived in [21].
It may be noted that unlike the case in [21] the dimensions of
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x[n] and u[n] are different. In view of this, the ACS algorithm
given in [21] is modified, as given below:

1) Initialize Ruu[1] = δ−1I, Rxx[1] = δ−1I, Rux[1] = 0
and h[1] to any K-dimensional non-zero vector, δ is any
arbitrarily small constant.

2) For the kth iteration, update Ruu[k], Rxx[k] Rux[k],
Rxu[k], w[k] and h[k] as

Rux[k] =
1

k

[
(k − 1)Rux[k − 1] + u[k]xH [k]

]
(8a)

R−1
xx [k] =

k

k − 1

[
R−1

xx [k − 1] (8b)

− R−1
xx [k − 1]x[k]xH [k]R−1

xx [k]

(k − 1) + xH [k]R−1
xx [k − 1]x[k]

]
(8c)

R−1
uu[k] =

k

k − 1

[
R−1

uu[k − 1] (8d)

− R−1
uu[k − 1]u[k]uH [k]R−1

uu[k]

(k − 1) + uH [k]R−1
uu[k − 1]u[k]

]
(8e)

Rxu[k] =RH
ux[k] (8f)

w[k] =R−1
uu[k]Rux[k]h[k − 1] (8g)

h[k] =R−1
xx [k]Rxu[k]w[k]. (8h)

Assume that the weight attached to the lth delay tap of the
mth frequency shift of the kth antenna is represented as w∗

k,m,l.
Then, the output of the filter v[n] may be represented as

v[n] =

K∑
k=1

M∑
m=1

L∑
l=1

w∗
k,m,lum,k[n− l]

=
K∑

k=1

M1∑
m=1

L∑
l=1

w∗
k,m,lxk[n− l]ej2παm[n−l]

+
K∑

k=1

M2∑
m=1

L∑
l=1

w∗
k,m,lx

∗
k[n− l]ej2π(−βm)[n−l]. (9)

The cyclic autocorrelation function of v[n] at cyclic fre-
quency α and lag τ takes the form

Rα
vv[τ ] = wHRα

uu[τ ]w (10)

where

w = [w1, . . . ,wK ]T

wk = [wk,1 . . . ,wk,M ]T

wk,m = [wk,m,1, . . . , wk,m,L]
T (11)

and

Rα
uu[τ ] =

⎡
⎢⎣
Rα

uu;11[τ ] . . . Rα
uu;1K [τ ]

...
. . .

...
Rα

uu;K1[τ ] . . . Rα
uu;KK [τ ]

⎤
⎥⎦ (12)

Rα
uu;ik[τ ] =

⎡
⎢⎣
Rα

uu;β1η1;ik
[τ ] . . . Rα

uu;β1ηM ;ik[τ ]
...

. . .
...

Rα
uu;β1η1;ik

[τ ] . . . Rα
uu;β1ηM ;ik[τ ]

⎤
⎥⎦ (13)

Rα
uu;βη;ik[τ ] =

⎡
⎢⎢⎢⎣
(
rαuu;βη;ik[τ ]

)
1,1

. . .
(
rαuu;βη;ik[τ ]

)
1,L

...
. . .

...(
rαuu;βη;ik[τ ]

)
L,1

. . .
(
rαuu;βη;ik[τ ]

)
L,L

⎤
⎥⎥⎥⎦

(14)

where each element of the matrix in (14) is defined as(
rαuu;βη;ik[τ ]

)
p,q

=
(
r̃αuu;βη;ik[τ ]

)
p,q

ej2π(ητ−αp) (15)

(
r̃αuu;βη;ik[τ ]

)
p,q

=
〈
uβ,k[n− p]u∗

η,i[n− q − τ ]e−j2παn
〉

=
〈
xi[n− p]ej2πβ(n−p)x∗

k[n− q − τ ]

×e−j2πη(n−q−τ)e−j2παn
〉

=Rα+η−β
xixk

[p− q − τ ]. (16)

The received signal vector x[n] in the presence of a primary
signal consists of two components; one because of the primary
signal a(θ)s[n] and the other due to the noise ν[n]. Similarly,
the vector u[n] may also be seen as a linear combination of
terms originating due to the primary signal z[n] and noise
ξ[n]. Since the terms corresponding to the signal and noise are
assumed to be uncorrelated, the terms corresponding to z[n]
and ξ[n] are separated in the cyclic-autocorrelation function of
v[n]. The spectrum sensing problem may thus be modelled as a
binary hypothesis testing problem as well. For this hypothesis
test, the cyclic autocorrelation function of the received signal
consists purely of the noise term under the null hypothesis.
Whereas, under the alternate hypothesis, it consists of the
contributions from the primary signal as well as the noise

Rα
vv[τ ] =

{
wHRα

ξξ[τ ]w H0

wHRα
zz[τ ]w +wHRα

ξξ[τ ]w H1.
(17)

These estimates assume averaging over infinite samples of
the received signal. In practical situations where only a finite
number of samples are considered, the estimate of the cyclic au-
tocorrelation function for N samples may be expressed as [27]

R̂α
vv[N, τ ] = Rα

vv[τ ] + ε̂αvv[N, τ ] (18)

where ε̂αvv[N, τ ] is the estimation error due to the finite number
of samples. It is shown in [27] that ε̂αvv[N, τ ] may be assumed
to be asymptotically normal. That is

lim
N→∞

ε̂αvv[N, τ ] ∼ N
(
0,

σ2
ε

N

)
. (19)

Consequently, the binary hypothesis test in (17) may be
modified for a finite number of samples to

R̂α
vv[N, τ ]=

{
wHRα

ξξ[τ ]w+ε̂αvv[N, τ ] H0

wHRα
zz[τ ]w+wHRα

ξξw+ε̂αvv[N, τ ] H1.
(20)

It is intuitively satisfying to select α and τ such that the strength
of the cyclic autocorrelation function of the component due
to the primary signal is maximized thereby making it easier
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to discriminate between the two hypotheses. From the results
derived in [5], it may be seen that the strongest peak of the
cyclic autocorrelation function of any cyclostationary signal
occurs at α = 0 and τ = 0. Detecting this as a feature is same
as employing an energy detector at the output of the FRESH
filter. In this case, however, the signal is enhanced by virtue of
its cyclostationary property. The detection thresholds for the
signals filtered by the proposed structure may be determined
by the use of the Neyman Pearson criterion via simulation.
For a given false alarm rate and a known noise variance, these
may also be determined theoretically, as detailed in the next
section. The spectrum sensing method based on the proposed
adaptive Space-Time FRESH filtering structure may, hence, be
summarized as follows.

1) Reset the filter weights.
2) For the nth sample x[n], n = 1, 2, . . . , N , adapt the filter

weights using the modified ACS algorithm.
3) After adapting for all the N samples, filter the stored

samples using the adapted weights to generate v[n].
4) Calculate the cyclic autocorrelation function for a known

cyclic frequency and lag and use it as the test statistic T .
5) Compare T with a pre-determined threshold λ and de-

clare the primary signal as present when T > λ.

We now give an analysis of the computational complexity
of our proposed modified ACS algorithm. Consider that K
antennas, each with M branches of the FRESH filter, are to be
adapted. Let the length of each branch of the FRESH filter be L.
Accordingly, by inspection, the computation of (8a), (8c), (8e),
(8g), (8h) require (K2LM), (2K2 +K + 1), (2(KLM)2 +
KLM + 1), ((KLM)2 +K2LM) and (K2LM +K2)
complex multiplications, respectively. Therefore, the order of
overall computational complexity of the proposed modified
ACS algorithms is O((KLM)2). If N samples are used for
adaptation then the order of computational complexity of the
adaptation stage becomes, O(N(KLM)2). Further, the filter-
ing stage requires (KLM) multiplications for each sample and
therefore, a total of (NKLM) multiplications for N samples.
If a simple energy detector is employed then N complex mul-
tiplications will be required for calculation of the test statistic.
On the other hand, for a cyclostationary detector sensing M
cyclic frequencies, the number of complex multiplications
required for the calculation of the M dimensional test vector
is 2MN [27]. Consequently, the entire sensing procedure has
a complexity O(N(KLM)2). For L = 1 and M = 1, our
proposed structure in Fig. 3 reduces to that developed in [21].
Accordingly, the order of computational complexity turns out
to be O(NK2), same as that of the standard ACS algorithm.
As we observe, the bottleneck of this procedure is the
computationally expensive adaptation algorithm. This calls for
the developement of a lower complexity adaptation algorithm
so as to make the proposed spectrum sensing approach more
effective. The next section describes our proposed approach for
reducing the computational cost of the adaptation algorithm.

IV. LOW COMPLEXITY C2LMS ALGORITHM

FOR THE PROPOSED STRUCTURE

The ACS and the modified ACS algorithms are designed
to maximize the correlation between the filter outputs of the

original signal y[n] and its frequency shifted version v[n].
Alternatively, the MMSE criterion may be used, minimizing
the mean square difference between y[n] and v[n]. Here, if the
values of h and w are optimized separately [19], then it may
be shown that the optimal solution for the weight vectors that
satisfies the MMSE criterion has a form similar to the optimal
solution that maximizes the cross correlation between v[n] and
y[n]. The optimal values wo and ho of w and h that minimize
the mean square difference between the respective filter outputs
are given as

[wo,ho] = argmin
w,h

〈∣∣hHx(n)−wHu(n)
∣∣2〉 . (21)

A similar function has been considered as the objective function
for the least squares SCORE beamforming problem in [19] and
[21]. However, the methods proposed therein assume either
h or w to be fixed and not having a null in the direction of
incidence of the signal of interest. Here, since only one of
the two adaptable weight vectors is being adapted to form a
beam that minimizes the MSE, this approach to cyclostationary
beamforming is sub optimal. Therefore, it is desired to adapt
both h and w to achieve an optimal solution to the filtering
problem described by (21). It may be observed that the global
minimum of this function exists at the origin, forcing both the
weight vectors to zero. It may also be seen that either of the
two weight vectors must always be non-zero to force the other
to take a non-zero value and consequently force the system
towards a non-trivial solution. The Euclidian norm of either of
the two weight vectors may thus be constrained to a non-zero
constant to stop it from converging towards a null vector.

Constraining the Euclidian norm of h to a constant value g,
and invoking the method of Lagrange multipliers, the optimal
weight vectors may be found out by minimizing the following
function

J(w,h)=
〈∣∣hHx(n)−wHu(n)

∣∣2}+λ
〈
‖h‖22−g2

〉
. (22)

Analogous to the approach followed in [19], this may be
optimized separately for w and h. Using the method of steepest
descent and applying suitable constraints, the weight update
equations may be obtained. The adaptation algorithm employ-
ing these equations is presented below and its detailed deriva-
tion is given in the Appendix. It is important to note that this
algorithm is being derived for applications to very low signal
to noise ratio environments. In such cases, it is desired that the
step size be dependent on the error variance to minimize mis-
adjustment. Accordingly, it is intuitively satisfying to normalize
the step size with respect to the norm square of the input signal.

By use of the facts stated above the resulting constrained
doubly adaptive LMS algorithm (the C2LMS algorithm) is
given as follows.

1) For input signals u[n] and x[n] having weight vectors
w[n] and h[n], initialize w[n]=0 and h[n]=gi[k] where
i[k] is the kth column of the identity matrix. This choice
of the initial antenna pattern ensures the absence of nulls
in the direction from which the primary signal is incident.
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2) For the nth iteration update w and h as

w[n+ 1] = w[n] + μwu[n]e
∗[n] (23)

and

h[n+ 1] = k[n]h[n]− μhx[n]e
∗[n] (24)

where

e[n] = y[n]− v[n] (25)

with

v[n] =wH [n]u[n] (26)

y[n] =hH [n]x[n] (27)

and

μh =
μ

‖x[n]‖22
, μw =

μ

‖u[n]‖22
(28)

b[n] =μh�{y∗[n]e[n]} (29)

c[n] =μ2
h ‖x[n]‖22 |e[n]|

2 − g2 (30)

k[n] = b[n] +

√
(b[n])2 − c[n]. (31)

In the above, the symbol � denotes the real part of a complex
number and the step size μ is normalized w.r.t the inputs x[n]
and u[n] to accommodate large variations in their values.

Here, the computation of the filtered signal at each stage in-
volves K complex multiplications for y[n] and KLM complex
multiplications for v[n]. The calculations of c[n], μh and μw

require K, K + 1 and KLM + 1 multiplications, respectively.
All these steps are repeated N times for N samples thereby
resulting in computational complexity of order O(NKLM).
Thus, the proposed algorithm provides computational gain
compared to the weight adaptation algorithm in [21] (for L = 1
and M = 1) and that given in the previous section.

A. Performance of the Proposed Spectrum Sensing Method
Based on Energy Detector

If, after the adaptation stage, the final weight vector is w[N ]
then the nth sample of the filtered output is given as

v[n] = wH [N ]u[n]

The distribution of v[n] under the two hypotheses will be

v[n]∼

⎧⎨
⎩
Nc

(
0, σ2

ν ‖w[N ]‖2
)

H0

N c

(
0,wH [N ]Rzz[n]w[N ]+σ2

ν ‖w[N ]‖2
)

H1.
(32)

In the presence of a primary user signal, the Signal to noise
Ratio (γ) is given as

γ =
wH [N ]Rzz[n]w[N ]

σ2
ν ‖w[N ]‖2

. (33)

As the signal is correlated with itself in time, space and fre-
quency, hence, Rzz[n] � σ2

sI, where σ2
s is the signal variance.

Defining

κ =
wH [N ]Rzz[n]w[N ]

σ2
s ‖w[N ]‖2

> 1. (34)

If the noise variance at the receiver has an uncertainty factor
ρ, at an input SNR γi, then, according to [4], the detector
will exhibit SNR walls γi → (ρ− (1/ρ)). As the space-time
FRESH filtering will increase the effective SNR of the primary
signal, then, for an uncertainty by a factor ρ in the noise
variance the SNR walls are lowered to

γi =

(
ρ− 1

ρ

)
κ

(35)

for an input SNR of γ0.
If the weights w[N ] are normalized such that ‖w[N ]‖2 =

1 then, under the null hypothesis, the variance of v[n] will
equal the noise variance. In this case, the distribution of the
test statistic (T ) for the energy detector, defined as T =

(1/N)
∑N

n=1 |v[n]|2, may be approximated as [4]

T |H0 ∼ N
(
σ2
ν , σ

2
T

)
(36)

where

σ2
T = var

⎛
⎝
∣∣∣∣∣
N−1∑
n=0

wH [N ]ξ[n]

∣∣∣∣∣
2
⎞
⎠

=E

[
N−1∑
n=0

N−1∑
p=0

|w[N ]ξ[n]|2 |w[N ]ξ[p]|2
]
− σ2

ν

=
σ4
ν

N

⎛
⎝MKL−1∑

p=0

(
MKL∑
l=1

E
[
wl[N ]w∗

l−p[N ]
])2
⎞
⎠ (37)

where ξ[n] is the regression vector of the proposed structure
under the null hypothesis. In view of these, the probability of
false alarm (PFA), given a threshold λ, may be written as

PFA = Q

(
λ− σ2

ν√
σ2
T

)
(38)

where Q denotes the Marcum Q function [4]. It may however
be observed that the value of the variance σ2

T depends on the
values of the adapted filter weights w[N ]. Therefore, it is not
possible to predict a threshold for a given probability of false
alarm and consequently, the detection thresholds need to be
determined using simulation. Due to the replacement of the
deterministic gradient by the stochastic gradient in the adaption
algorithm, misadjustments will occur in the weight vectors.
These misadjusted weight vectors w[N ] and h[N ] will limit
the SNR gain offered by the FRESH filtering structure and
hence the performance of the proposed structure. If the weight
vectors w[n] and h[n] take their optimal values, ho and wo

respectively, then the error at the nth instant is

eo[n] = hH
o x[n]−wH

o u[n]. (39)
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However, in the presence of misadjustment this will be

e[n] =hH [n]x[n]−wH [n]u[n]

= eo[n] + εHh [n]x[n]− εHw [n]u[n] (40)

where εh[n] = ho − h[n] and εw[n] = wo −w[n]. As the two
weight error vectors will be uncorrelated with each other as well
as to eo[n], we have

E
[
|e[n]|2

]
= E

[
|eo[n]|2

]
+ E

[
εHh [n]Rxxε

H
h [n]

]
+ E

[
εHw [n]Ruuε

H
w [n]

]
(41)

where E[.] is the expectation operation. This is done under the
assumption that the variations of the weight vectors are slow as
compared to those of the signal vectors [28]. Further, writing
J [n] = E[|e[n]|2] and Jmin = E[|eo[n]|2] the above equation
reduces to

J [n] = Jmin + tr (RxxΨh[n]) + tr (RuuΨw[n]) (42)

where Ψh[n] = E[εh[n]ε
H
h [n]] and Ψw = E[εw[n]ε

H
w [n]]. The

excess error may, therefore, be given as

Jex = tr (RxxΨh[n]) + tr (RuuΨw[n]) . (43)

In this case

εw[n+ 1] =wo −w[n+ 1]

=wo−w[n]−μwu[n]
(
hH [n]x[n]−wH [n]u[n]

)∗
= εHw [n]− μwu[n]e

∗
o[n] + μwu[n]u

H [n]εw[n]

− μwu[n]x
H [n]εh[n]

=
(
I− μwu[n]u

H [n]
)
εw[n] + μwu[n]e

∗
o[n]

+ μwu[n]x
H [n]εh[n]. (44)

A similar expression may be derived for εh[n] as

εh[n+ 1] =
(
I− μhx[n]x

H [n]
)
εh[n] + μhx[n]e

∗
o[n]

+ μhx[n]u
H [n]εw[n]− μλh[n]. (45)

It may be observed that the two weight error vectors at any
instant are inter-dependent and will increase each other’s vari-
ance. Therefore, it may be concluded that the mean square value
of the excess error will be lower bounded by the sum of the
mean square values of the excess errors caused when h and w
are unknown individually.

V. SIMULATION RESULTS

In this section, simulation results using randomly generated
signal are presented. The primary user signal is assumed to be
BPSK modulated with a carrier frequency fc = 25 kHz and a
baud rate f0 = 10 kbps. For the purpose of these experiments,
the primary user signal variance is kept constant at unity and
the variance of the additive noise is varied to achieve input

Fig. 4. Performance using the modified ACS algorithm and the energy detec-
tor for different filter lengths for a single antenna system.

SNRs in the range −22 dB to −2 dB. The sampling rate at the
cognitive receiver is assumed to be 1 MHz. The FRESH filters
are assumed to have a single branch at a conjugate frequency
shift of 2fc. The inter antenna spacing (d) for systems with
multiple antennas is fixed at half the wavelength of the input
signal. In all the experiments, 500 samples are used to adapt
the filter structure using either of the two algorithms discussed
earlier. The samples used to adapt the filters are stored and then
passed through the adapted filters to obtain a filtered signal. The
filtered signal is then subject either to energy detection or to
cyclostationary detection.

The performance of the spectrum sensor is evaluated in terms
of the probability of detection for different input SNRs. The
detection thresholds are set to give a constant false alarm rate
PFA of 0.1. For this purpose, test statistics are calculated for
750 independent runs of the system based on the modified ACS
algorithm and 1000 independent runs of the system trained
by the C2LMS algorithm. To test the performance of these
algorithms 1500 independent trials are run for the modified
ACS algorithm based system and 2000 for the C2LMS based
system.

A. Improvement Using Space-Time FRESH Filter
Based on the Modified ACS Algorithm Employing
Energy Detection

Fig. 4 illustrates the performance of the proposed structure
adapted using the modified ACS algorithm. Different con-
figurations of the proposed structure are considered and the
detection performance is evaluated for the FRESH filter. It may
be observed that for a 90% probability of detection a gain of
nearly 6.5 dB is achieved over the standard energy detector
(mentioned as the ‘no enhancement’ case) with increase in the
detector complexity.

The gains achieved by the proposed structure over the energy
detector for a successful detection rate of 95% are summarized
in Table I. It may be seen that a proper configuration of the
space time FRESH filter may yield gains as large as 8.5 dB.
However, the improvement offered by the structure tends to
saturate as the number of antennas and the FRESH filter length
is increased.
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TABLE I
GAINS (IN DECIBELS) OVER A SIMPLE ENERGY DETECTOR

FOR DIFFERENT CONFIGURATIONS USING

THE MODIFIED ACS ALGORITHM

Fig. 5. Performance using the C2LMS algorithm and energy detector for
different filter configurations.

Fig. 6. Complementary ROC using the C2LMS algorithm and the energy
detector for different FRESH filter lengths in a 2 antenna system at SNR =
−14 dB.

B. Improvement Using Space-Time FRESH Filter Adapted
Using the C2LMS Algorithm With Energy Detection

In Fig. 5, we compare the performance of an energy detector
based system for different configurations of the FRESH filter
structure adapted using the C2LMS algorithm. It is observed
from Fig. 5 that for a detection probability of 0.9, gains as much
as 9 dB may be achieved by using an appropriate FRESH filter
configuration.

The complimentary ROC for different configurations em-
ploying 2 antennas at an SNR of −14 dB is shown in Fig. 6. It
may be observed that in this case, an increase in FRESH filter
length from 1 to 16 reduces the probability of missed detection
at a false alarm rate of 1% by more than one order of magnitude.
A summary of the gains offered by the C2LMS algorithm over
a standard energy detector for 500 samples and a successful
detection rate of 95% is provided in Table II.

TABLE II
GAINS (IN DECIBELS) OVER A SIMPLE ENERGY DETECTOR

FOR DIFFERENT CONFIGURATIONS USING THE

C2LMS ALGORITHM FOR 500 SAMPLES

Fig. 7. Performance using the C2LMS algorithm and the energy detector for
different configurations of the same computational complexity (K × L = 16).

C. Choice of a Filter Configuration

The performance of different structures having the same
value of (K × L) and hence the same computational complex-
ity is compared in Fig. 7. For the signal being considered, the
correlation coefficient of the signal at two different antennas at
the same instant is always greater than the correlation coeffi-
cient of the signal and its delayed version at the same antenna.
Also, the temporal correlation coefficient of a signal tends to de-
crease with increasing lag, therefore the additional performance
offered by FRESH filters reduces as the filter length increases.
On the other hand, as long as the propagation delay between
different antennas remains insignificant in comparison to the
sampling time, the spatial correlation coefficient will remain
unaffected, and therefore the gains offered by increasing the
number of antennas will be larger. However, more antennas will
tend to increase the physical dimensions of the spectrum sensor
and also the cost of the sensing node. Therefore, the choice of
the space-time configuration for a given computational com-
plexity is also constrained by the physical dimensions of the
sensing node.

D. Lowering of SNR Walls

As stated earlier, for the purpose of the simulation experi-
ments, the input signal variance is kept constant and the noise
variance is varied according to the input SNR. Therefore, the
noise variance may be randomized by adding a random variable
to the input SNR. Consequently, a random variable uniformly
distributed in the range [−1, 1] is added to the input SNR,
thereby introducing a maximum noise uncertainty ±1 dB rela-
tive to the signal variance. In this case as well, the detection per-
formance is calculated by averaging the performance over 2000
independent trials. The effect of noise uncertainty so introduced
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Fig. 8. Performance using the C2LMS algorithm and the energy detector for
different configurations under noise uncertainity.

Fig. 9. Performance using the C2LMS algorithm and the cyclostationary
detector for different filter configurations under noise uncertainity.

on the performance of the proposed detector is illustrated in
Fig. 8. It may be seen that under noise uncertainty, the detector
performance remains unaffected by the number of samples
being used. However, the use of different configurations of the
FRESH filter does lower the SNR walls, as predicted by (35).

E. Cyclic Feature Detector

As a remedy to the effects caused by noise uncertainty, the
performance of a cyclostationary detector in conjunction with
the proposed filter structure adapted using the C2LMS algo-
rithm is tested. The cyclostationary detector is used to detect the
conjugate cyclic autocorrelation peak at 2fc. The performance
of the proposed spectrum sensing structure in conjunction with
a cyclostationary detector under different situations is plotted
in Fig. 9. It is observed that detector performance does not
degrade due to noise uncertainty, as expected. It is also observed
that an increase in the number of samples, as well as the
detector complexity leads to an improvement in the detector
performance. The gains in dB for different configurations of the
space-time FRESH filter over a simple cyclostationary detector
at a detection rate of 0.95 are listed in Table III.

F. Discussion and Summary of Results

An increase in both the FRESH filter lengths and the number
of antennas is observed to cause an improvement in the detector

TABLE III
GAINS (IN DECIBEL) OFFERED BY THE

PROPOSED ALGORITHM AT N = 500

performance. However, as discussed previously, the relative
gain offered by more number of antennas is more than that
offered by larger filter lengths. The slight degradation in per-
formance of the system based on the C2LMS in comparison to
the spectrum sensor based on the modified ACS algorithm may
be attributed to the misadjustment caused due to incorporation
of the stochastic gradient in the weight update algorithm instead
of the deterministic gradient. Comparing Tables II and III, we
observe that employing FRESH filters with a cyclostationary
detector results in gains similar to those obtained by employing
FRESH filters along with energy detectors.

It may be noted here, that the modified ACS algorithm
reduces to the standard ACS algorithm for a single delay tap
(L = 1) and in this case the method becomes similar to the
one used in [22]. Similarly, for a single antenna (K = 1) the
C2LMS algorithm reduces to the standard LMS algorithm and
the resultant method is identical to the one used in [26].

VI. CONCLUSION AND FUTURE WORK

The performance enhancement achieved using the Space-
Time FRESH filtering structure with regard to spectrum sensing
in cognitive radios is studied in this paper. A novel blind Space-
Time FRESH filtering structure has been proposed for the pur-
pose of enhancing a primary cyclostationary signal embedded
in noise. It has been shown that this structure may be used in
conjunction with the energy detector to improve its detection
performance. The ACS algorithm for cyclostationary beam-
forming is modified to adapt the proposed structure, following
which a method to sense the spectrum based on the proposed
structure is proposed. Keeping in view the high computational
complexity of the modified ACS algorithm, a low complexity
stochastic gradient algorithm is derived and its application to
spectrum sensing is studied.

This work assumes that multiple antennas at the cognitive
receiver are in the form of uniformly spaced antennas arrays,
which may not actually be the case. The antennas may as well
be working as individual entities. Also, this paper considers
only the AWGN channel, whereas real channels may be time
and/or frequency selective. Therefore, the effect of cooperative
FRESH filtering based spectrum sensing under more complex
noise environments may be a future direction of work.

APPENDIX
DERIVATION OF THE C2LMS ALGORITHM

The function to be minimized, as given in (22), may be
written in the form

J(w,h) = hHRxxh− hHRxuw −wHRuxh+wHRuuw

+ λ
{
‖h‖22 − g2

}
(46)
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and it may be shown that

∇hJ =2 〈x[n] (e∗(n))〉+ 2λh (47)
∇wJ =2 〈u[n] (−e∗(n))〉 . (48)

Using the method of steepest descent the update equations for
the weight vectors may be written as

h[n+ 1] =h[n]− μ

2
∇hJ

=h[n]− μ 〈x[n]e∗[n]〉 − μλh[n]

= (1− μλ)h[n]− μ 〈x[n]e∗[n]〉 (49)

w[n+ 1] =w[n]− μ

2
∇wJ

=w[n] + μ 〈u[n]e∗[n]〉 . (50)

Replacing the deterministic gradient in the above equations
with the stochastic gradient, the following update equations are
obtained

h[n+ 1] = (1− μλ)h[n]− μx[n]e∗[n] (51)

w[n+ 1] =w[n]− μu[n]e∗[n]. (52)

Invoking the constraint ‖h[n+ 1]‖2 = g,

‖(1− μλ)h[n]− μx[n]e∗[n]‖22 = g2 (53)

or

(1− μλ)2 − 2 ∗ (1− μλ)μ�{e∗[n]y[n]}

+ μ2 ‖x[n]‖22 |e[n]|
2 − g2 = 0. (54)

By substituting

z =(1− μλ)

b =μ�{e∗[n]y[n]}

c =μ2 ‖x[n]‖22 |e[n]|
2 − g2 (55)

the above equation reduces to a quadratic equation yielding
two solutions z = b±

√
b2 − c. Using only the solution cor-

responding to z = b+
√
b2 − c the adaptation algorithm, as

described in Section IV, may be obtained.
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