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FRESH Filter-Based Spectrum Sensing in the Presence
of Cyclic Frequency Offset

Ribhu Chopra, Student Member, IEEE, D. Ghosh, Member, IEEE, and D. K. Mehra

Abstract—This letter considers the problem of FRESH filter-
based spectrum sensing of cyclostationary signals. In such a
system, the cyclic frequency of the signal of interest known at the
spectrum sensor may differ from its true value causing an offset.
The effect of this offset on the FRESH filter performance is derived
and a method to compensate for this is proposed. It is then shown
via simulations that the proposed method can counter the effect of
cyclic frequency offset (CFO).

Index Terms—Cognitive radio, spectrum sensing, cyclosationar-
ity, FRESH filtering, cyclic frequency offset, greedy algorithms.

I. INTRODUCTION

T HE cyclostationarity property of communication signals
has extensively been used for the purpose of spec-

trum sensing. Most of the detectors based on cyclostationarity
require the knowledge of the cyclic autocorrelation structure of
the primary user signal, which may not be always available. In
such cases, adaptive filtering algorithms may be used to design
a filter matched to the primary user signal structure. It has been
shown that optimal filters for cyclostationary signals may be
represented by a FRESH (FREquency SHift) structure [1]. It
has also been shown that FRESH filters may be used to improve
the detection performance of cyclostationary signals [2]–[4].
However, the FRESH filter based spectrum sensors considered
so far assume accurate knowledge of the cyclic frequencies of
the signal. The cyclic frequency is used to provide an appro-
priate frequency shift to the sampled signal so as to adapt the
FRESH filter weights. The knowledge of the cyclic frequency at
the spectrum sensor may be flawed due to many reasons such as
fast fading and sensing clock offset [5]–[7]. This may lead to an
incorrect adaptation of the filter weights. Similar to the detec-
tion stage [5], [8], an offset in the cyclic frequency at the adap-
tation stage may nullify the gains offered by FRESH filtering.

It is observed that even a small error in the cyclic frequency
of the primary signal leads to significant loss in the perfor-
mance of the system in question [5], [7], [8]. It was observed
in [6], [8] that the received samples may be used to estimate the
true cyclic frequency of the signal of interest and based on this
idea a greedy search algorithm was developed in [8]. A gradi-
ent ascent algorithm for the same purpose is proposed in [6]. It
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is proposed in [7] to use the phase difference among different
feature windows to estimate the CFO. The authors in [5] pro-
pose to compensate for the effects of CFO without estimating
the true cyclic frequency of the received signal.

In this letter, we study the effect of CFO on the adaptation
stage of a FRESH filter based spectrum sensor. It is to be noted
that this is different from our previous works [2] and [4], which
study the gains offered by FRESH filter based spectrum sensors
in the absence of CFO. Here, the effect of CFO on the adapta-
tion stage of a FRESH filter based spectrum sensor is derived
for both the energy detector and the cyclostationary detector. To
mitigate this effect, it is proposed to estimate the true cyclic fre-
quency of the received signal prior to the filter adaptation stage.
It was proposed in [8] to use the samples of the received sig-
nal to estimate its true cyclic frequency. Therefore, the greedy
search algorithm developed in [8] to estimate the true cyclic
frequency for the sensing stage is used to determine the true
cyclic frequency for the adaptation stage of the FRESH filter.
It is to be noted that the methods proposed in [5], [8] and [7]
are for the detection stage of a cyclostationarity based spectrum
sensor and may not be used directly for CFO correction in the
adaptation stage of a FRESH filter based spectrum sensor. The
method proposed in [6] is for CFO correction in cyclostationary
antenna arrays and is also not directly applicable to the present
problem.

The system and sensing models are introduced in Section II,
the performances of the energy and the cyclostationarity detec-
tor are also presented in this section. The effect of CFO on the
adaptation stage for both the detectors are derived in Section III.
The compensation mechanism for CFO along with the modi-
fied greedy algorithm is presented in Section IV. The simulation
results using this algorithm are presented in Section V and the
conclusions are drawn in Section VI.

II. THE SIGNAL AND SENSING MODELS

Consider a primary user signal s[n] exhibiting cyclostation-
arity or conjugate cyclostationarity at a cyclic frequency α. A
single user, single antenna spectrum sensor is used to decide
on the presence of this signal in the presence of AWGN noise
ν[n] with a variance σ 2

ν . The sensed signal x[n] under the two
hypotheses may be written as

x[n] ∼
{

ν[n] H0

s[n] + ν[n] H1
(1)

The spectrum sensor is assumed to be equipped with a FRESH
filter consisting of a single branch frequency shift branch intro-
ducing a frequency shift α followed by an FIR filter of length
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L . It is assumed that the spectrum sensor works in two stages,
the adaptation stage and the sensing stage. During the adap-
tation stage, the spectrum sensor collects NA samples in the
presence of a primary user signal and uses these to adapt the
weight vector w[n] to obtain the adapted weight vector w[NA].

Following this, during each sensing stage, the spectrum sen-
sor collects N samples of x[n] and passes these through the
adapted filter so as to generate the filtered signal y[n] defined
as

y[n] = wH [NA]u[n] (2)

where

u[n] = [xα[n], xα[n − 1], . . . , xα[n − L + 1]]T (3)

and

xα[n] = x[n]e− j2παn . (4)

The filtered signal y[n] is then subjected to either energy detec-
tion or to cyclostationary detection to detect the presence of the
primary signal component within it.

For energy detection, the finite time energy of the filtered
signal, defined as follows is used as the test statistic.

TE =
N−1∑
n=0

|y[n]|2 (5)

The distribution of this test statistic under the two hypotheses
may be written as [9], [10]

TE ∼

⎧⎪⎪⎨
⎪⎪⎩
N

(
σ 2

ν ,
σ 2

E0
N

)
H0

N

(
σ 2

ν + wH
o Rsswo,

σ 2
E1
N

)
H1

(6)

where wo is the optimal weight vector, Rss is the corre-
lation matrix of s[n]. The test statistic variances under the
two hypotheses σ 2

E0
and σ 2

E1
, need to be determined quasi-

analytically as described in [10]. The related detection and false
alarm rates for a given detection threshold λ are derived as

Pd = Q

(√
N

λ − (σ 2
ν + wH

o Rsswo)

σE1

)
(7)

Pf a = Q

(√
N (λ − σ 2

ν )

σE0

)
(8)

where Q(.) is the Marcum Q function. The finite time cyclic
autocorrelation function of y[n] at a cyclic frequency η and lag
τ is defined as

R̂η
yy =

N−1∑
n=0

y[n]y∗[n − τ ]e− j2πηn (9)

This is distributed as [11]

R̂η
yy[N , τ ] ∼

⎧⎪⎪⎨
⎪⎪⎩
Nc

(
0,

σ 2
C0

N−τ

)
H0

Nc

(
ξe jφ,

σ 2
C1

N−τ

)
H1

(10)

where ξe jφ = wH
o Rα

sswo is a complex number, and Nc(μ, σ 2)

represents the complex Gaussian distribution with a mean μ and
variance σ 2. The terms σ 2

C0
and σ 2

C1
are functions of the filter

weights and can be determined quasi-analytically as described
in [10]. The cyclic autocorrelation matrix of s[n], Rα

ss being
non-Hermitian results in R̂η

yy[N , τ ] being complex valued. It
may be observed that based on the knowledge of the phase φ,
either �{R̂η

yy[N , τ ]e− jφ} or |R̂η
yy[N , τ ]| may be used as a test

statistic. In this letter, no prior knowledge about the phase φ is
assumed and the absolute value of the finite time cyclic auto-
correlation function is used as a test statistic. This is shown to
be distributed as

|R̂η
yy[N , τ ]| ∼

⎧⎨
⎩

Rice
(

0,
σC0√
N−τ

)
H0

Rice
(
ξ,

σC1√
N−τ

)
H1

, (11)

where Rice(a, b) represents Rice distribution with a non-
centrality parameter a and scale parameter b.

III. EFFECT OF CFO ON THE ADAPTATION STAGE

Assume that the cyclic frequency known at the spectrum
sensor, α, is different from the true cyclic frequency of the
signal of interest, α0, by a random offset �, such that α =
α0 + �. For a wide sense stationary noise component, ν[n],
the optimal weight vector under the null hypothesis is the null
vector. Hence, the behavior of the test statistic under the null
hypothesis,regardless of the presence of CFO, remains same as
described previously.

Under the alternate hypothesis, H1, as neither the primary
signal nor the noise component exhibit cyclostationarity at α,
therefore, both the cyclic autocorrelation vector and hence the
optimal weight vector wo are null vectors. In view of this, the
adapted weight vector w[NA] should also converge to a null
vector. However, due to the adaptive nature of the weights, there
will be a finite random error present in the converged weight
vector [12]. It may be noted that the accumulated error vector
is the sum of a large number of terms and hence, it may be
assumed to be Gaussian distributed. Constraining ‖w[NA]‖ =
1, the weight vector w[NA] may be assumed to be distributed
as

w[NA] ∼ Nc (0, Q[NA]) (12)

where the weight error covariance matrix Q[NA] is defined as

Q[NA] = E[(wo − w[NA])(wo − w[NA])H ] (13)

such that, T r(Q[NA]) = 1.
For an energy detector, the mean of the test statistic under

H1 will be given as

E[TE ] = σ 2
ν + E[wH [NA]Rssw[NA]] (14)

This term depends on the behavior of the adapted filter weights.
Therefore, both the mean and the variance of the test statistics
under the alternate hypothesis are functions of the adaptive fil-
ter weights. Due to the adaptive nature of these weights, it is
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Fig. 1. Block Schematic of the proposed spectrum sensing scheme.

not possible to evaluate the overall detection performance in
closed form. The performance of this detector may therefore be
determined experimentally.

Similarly, For a cyclostationarity detector the mean of the
finite time cyclic autocorrelation function under the alternate
hypothesis will be given as

E
[

R̂η
yy[τ ]

]
= E

[
wH [NA]Rη

ss[τ ]w[NA]
]

(15)

Here, the absolute value of the finite time cyclic autocorrelation
function is used as a test statistic.

IV. COMPENSATION OF THE CFO EFFECT

It was observed in [8] that the received signal samples may be
used to determine the true cyclic frequency of cyclostationary
component of the signal of interest. It is therefore proposed to
estimate the cyclic frequency of the primary component in the
signal prior to filter adaptation. The overall spectrum sensing
system may therefore be seen as illustrated in Fig. 1.

In the off-line adaptation stage, the collected samples are
used to recursively determine the true cyclic frequency and
related FRESH filter weights. During the online sensing stage,
the adapted cyclic frequency and filter weights are used to sense
the presence of the primary user signal.

It has been assumed that the primary signal, s[n] is present
during the adaptation stage. Therefore, for a FRESH filter of
length L , it may safely be assumed that the cyclic autocorre-
lation function of the received signal x[n], Rα0

xx [τ ] at the true
cyclic frequency α0 is non-zero at least for 0 ≤ τ ≤ L − 1.

It is shown in [8] that the finite time cyclic autocorrelation
function of x[n] at a cyclic frequency α = α0 + � and lag τ

may be written as

R̂α
xx [NA, τ ] ≈ Rα0

xx [τ ]
(

e jπ(�)(NA−τ−1) sin(π(NA−τ)(�))
(NA−τ) sin(π(�))

)
(16)

The optimal estimate of the true cyclic frequency α̂o will
therefore satisfy

α̂o = arg max
α̂

{
L−1∑
τ=0

∣∣∣√NA − τ(R̂α̂
xx [NA, τ ])

∣∣∣
}

(17)

Based on this, the greedy search algorithm to obtain α̂o may be
written as

1) Divide the NA received samples into smaller blocks of
length NS each.

2) Initialize
• The number of sample blocks B to be considered for

the initial estimate of α̂ so that the initial length of
the sample block becomes Q B = B NS .

Fig. 2. Performance of different CFO correction algorithms for different
FRESH filter lengths in the presence of 0.5% error in the cyclic frequency.

• The initial estimate of the cyclic frequency, βB = α

• The iteration counter q = B

3) For B ≤ q ≤
⌊

NA
NS

⌋
• Define The normalized width of the cyclic fre-

quency search window WQ = 1
Qq• Split the search window from βq − Wq to βq + Wq

into P search points,
• For each point γqp around βq , calculate

R̂
γqp
yy [q NS, τ ] for 0 ≤ τ ≤ L .

• Set βq+1 as the cyclic frequency that maximizes
equation (17).

4) Assign Qq+1 = Qq + NS and q = q + 1

The cyclic frequency obtained after the final iteration may be
used to adapt the filter weights.

V. SIMULATION RESULTS

In these experiments, the primary user signal is assumed to
be BPSK modulated with a data rate ( fb) 10 kbps, a carrier
frequency ( fc) 100 kHz. It is assumed that the spectrum sen-
sor samples at 1 MHz. The FRESH filter is assumed to consist
of a single variable length conjugate frequency shift branch at
200 kHz. In all these experiments, the primary user signal vari-
ance is fixed at unity and the variance of the additive noise
is varied to achieve different SNRs as per the requirement of
the experiment. The system performance is evaluated in terms
of the detection rate for input SNRs varying from -20 dB to
0 dB. The number of samples being used for adaptation (NA)
is assumed to be 2000 while the number of samples used for
detection (N ) is 500. It is to be noted that these samples are
much less than the number of samples required in standard
energy detectors [10]. Also, the effects of Doppler shift and
sampling clock offset may safely be assumed to be of the order
of a few hundred ppm. Therefore, their cumulative effect may
safely be assumed to be of the order of 1%. Hence the CFO
considered for the purpose of these experiments is of this order.
The false alarm rate for all these experiments is fixed at 1%. In
each case, 2000 independent trials are conducted to determine
the detector performance.

The probability of a miss, that is the probability of the esti-
mated cyclic frequency lying outside the 3dB point of the main
lobe of the sinc function is used to compare the proposed
algorithm against a modified version of the gradient ascent
algorithm proposed in [6]. The probability of miss for both the
algorithms for different filter lengths is plotted in Fig. 2. The
number of samples used for this experiment is 10000 in order to
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Fig. 3. Performance of the energy detector with the greedy algorithm for a
block size 200 for different FRESH filter lengths in the presence of 1% error in
the cyclic frequency.

Fig. 4. Performance of the cyclostationary detector with the greedy algorithm
for a block size 200 for different FRESH filter lengths in the presence of 1%
error in the cyclic frequency.

Fig. 5. Performance of the cyclostationary detector with the greedy algorithm
for different block sizes for a FRESH filter length 8 at -12 dB for different
values of the cyclic frequency offset.

allow the gradient ascent algorithm to converge. The probability
of miss is then calculated by averaging over 2000 independent
trials. It may be observed that the performance improves with
an increase in the FRESH filter length, that is the number of
feature points included in the objective function described by
equation (17). It may also be observed that the proposed algo-
rithm performs nearly 19 dB better than the gradient ascent
algorithm for a 60% probability of miss.

The performance of the energy detector following a FRESH
filter, whose true cyclic frequency is determined using the
greedy search algorithm, at different SNRs and filter lengths
is plotted in Fig. 3. It may be observed that the use of greedy
search based algorithm for cyclic frequency estimation reduces
the loss due to CFO by more than 5dB.

The performance of a cyclostationary detector following a
FRESH filter whose true cyclic frequency is determined using
the greedy search algorithm at different SNRs and filter lengths
is plotted in Fig 4. Here, the performance loss due to CFO may
be recovered by as much as 14 dB for all filter lengths.

The performance of a cyclostationary detector following
a FRESH filter of length 8 whose true cyclic frequency is
determined using the greedy search algorithm at an SNR of
-12dB is plotted against the CFO for different search block sizes

in Fig 5. It is observed that an appropriate choice of the search
block size, Ns , compensates the effect of CFO as large as 3%
of the true cyclic frequency.

VI. CONCLUSIONS

The effect of CFO (Cyclic Frequency Offset) on the perfor-
mance of a FRESH filter based spectrum sensor is analysed in
this letter. It is shown that the performance of both the energy
detector and the cyclostationary detector is severely degraded
by the presence of a CFO during the adaptation stage. However,
it is observed in the simulation results that an increase in the
FRESH filter length still improves the detection performance.

As a solution, it is proposed to use the collected samples to
estimate the true value of the cyclic frequency and then use this
estimate for the adaptation of FRESH filter weights. For this
purpose, the greedy search algorithm developed in [8] is mod-
ified to estimate the cyclic frequency for an adaptive FRESH
filter. The performance of the proposed algorithm in conjunc-
tion with a FRESH filter based spectrum sensing is studied
using simulation experiments. It is observed in these experi-
ments that the proposed method may reduce the loss by as much
as 5 dB for an energy detector and 14 dB for a cyclostationary
detector. It is however to be noted that the system needs to be
re-adapted to accommodate variable CFOs. The rate of re adap-
tation will depend on the channel conditions. However, it may
be a good idea to re adapt the system every time a primary user
is detected.
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